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®.¢.  ĈĔĆĐĊđðĒ  
ɼʦʩʣʽʜʞʝʥʦ ʪʨʠʚʠʤʽʨʥʫ ʟʘʜʘʯʫ ʧʨʦ ʧʦʚʝʨʭʥʝʚʠʡ ʭʚʠʣʴʦʚʠʡ ʨʫʭ ʚʽʜ ʟʘʥʫʨʝʥʦʛʦ ʫ 

ʨʽʜʠʥʫ ʪʽʣʘ. ʇʦʙʫʜʦʚʘʥʦ ʬʦʨʤʫ ʚʽʣʴʥʦʾ ʧʦʚʝʨʭʥʽ, ʚʠʷʚʣʝʥʦ ʾʾ ʟʘʣʝʞʥʽʩʪʴ ʚʽʜ 
ʰʚʠʜʢʦʩʪʽ ʧʦʪʦʢʫ. 

The 3D problem of wave propagation caused by submerged in fluid body is 
investigated. The form of the free surface is built; the dependence of the form from the 
stream velocity is obtained. 

ɺʩʪʫʧ. ʆʩʚʦʻʥʥʷ ʉʚʽʪʦʚʦʛʦ ʦʢʝʘʥʫ ʫ ʍʍɯ ʩʪʦʨʽʯʯʽ ʧʨʦʜʦʚʞʫʻʪʴʩʷ 
ʰʚʠʜʢʠʤʠ ʪʝʤʧʘʤʠ. ɺʠʥʠʢʘʻ ʥʝʦʙʭʽʜʥʽʩʪʴ ʚʠʚʯʝʥʥʷ ʩʫʪʽ ʜʠʥʘʤʽʯʥʠʭ 
ʧʨʦʮʝʩʽʚ, ʷʢʽ ʧʨʦʪʽʢʘʶʪʴ ʚ ʦʢʝʘʥʽ, ʪʦʤʫ ʜʦʩʣʽʜʞʝʥʥʷ ʜʠʥʘʤʽʢʠ ʤʦʨʩʴʢʦʛʦ 
ʩʝʨʝʜʦʚʠʱʘ ʧʦʩʷʛʘʶʪʴ ʦʜʥʝ ʽʟ ʮʝʥʪʨʘʣʴʥʠʭ ʤʽʩʮʴ ʚ ʦʢʝʘʥʦʣʦʛʽʾ. ɼʝʪʘʣʴʥʦʤʫ 
ʚʠʚʯʝʥʥʶ ʧʦʚʝʭʥʝʚʠʭ ʭʚʠʣʴ ʚʽʜ ʟʘʥʫʨʝʥʦʛʦ ʫ ʨʽʜʠʥʫ ʪʽʣʘ ʧʝʨʝʜʫʚʘʣʠ 
ʙʘʛʘʪʦʯʠʩʝʣʴʥʽ ʜʦʩʣʽʜʞʝʥʥʷ, ʱʦ ʧʨʠʩʚʷʯʝʥʽ ʚʠʚʯʝʥʥʶ ʘʥʘʣʦʛʽʯʥʠʭ ʫʩʪʘʣʝʥʠʭ 
ʢʦʣʠʚʘʥʴ ʚʽʣʴʥʦʾ ʧʦʚʝʨʭʥʽ ʨʽʜʠʥʠ, ʱʦ ʚʠʢʣʠʢʘʥʽ ʜʽʻʶ ʧʝʨʽʦʜʠʯʥʠʭ ʩʠʣ 
ʟʙʫʨʝʥʥʷ ʥʘ ʧʦʚʝʨʭʥʽ ʨʽʜʠʥʠ [7], [8], [9], [12], [13]. 

ʆʜʥʽʻʶ ʽʟ ʮʽʢʘʚʠʭ ʽ ʜʦʩʽ ʥʝ ʧʦʚʥʦ ʧʨʝʜʩʪʘʚʣʝʥʠʭ ʚ ʥʘʫʢʦʚʽʡ ʣʽʪʝʨʘʪʫʨʽ ʻ 
ʧʨʦʙʣʝʤʘ ʬʽʟʠʢʦ-ʤʘʪʝʤʘʪʠʯʥʦʛʦ ʤʦʜʝʣʶʚʘʥʥʷ ʧʦʣʽʚ ʭʚʠʣʴ ʥʘ ʚʦʜʽ, 
ʛʝʥʝʨʦʚʘʥʠʭ ʧʝʨʝʰʢʦʜʦʶ, ʷʢʘ ʟʥʘʭʦʜʠʪʴʩʷ ʧʽʜ ʚʽʣʴʥʦʶ ʧʦʚʝʨʭʥʝʶ ʫ 
ʦʜʥʦʨʽʜʥʽʡ ʦʪʦʯʫʶʯʽʡ ʪʝʯʽʾ. ʆʜʥʽ ʟ ʧʝʨʰʠʭ ʨʦʙʽʪ ʽʟ ʥʘʟʚʘʥʦʾ ʧʨʦʙʣʝʤʠ 
ʟôʷʚʠʣʠʩʴ ʚ ʩʝʨʝʜʠʥʽ ʍʍ ʩʪʦʨʽʯʯʷ. ʃʽʥʽʡʥʘ ʜʚʦʚʠʤʽʨʥʘ ʟʘʜʘʯʘ ʜʣʷ 
ʽʤʧʫʣʴʩʥʦʛʦ ʨʫʭʫ ʮʠʣʽʥʜʨʘ ʙʫʣʘ ʨʦʟʛʣʷʥʫʪʘ ʍʘʚʝʣʦʢʦʤ [14]. ʉʫʪʪʻʚʠʡ ʚʥʝʩʦʢ 
ʟʨʦʙʣʝʥʦ ʉʨʝʪʝʥʩʴʢʠʤ [8], ʷʢʠʡ ʦʪʨʠʤʘʚ ʥʘʙʣʠʞʝʥʽ ʨʦʟʚôʷʟʢʠ ʧʨʦʙʣʝʤʠ 
ʧʦʚʝʨʭʥʝʚʠʭ ʭʚʠʣʴ ʥʘʜ ʟʘʥʫʨʝʥʠʤ ʧʽʜ ʚʦʜʦʶ ʪʽʣʦʤ.  

ʅʘʚʝʜʝʤʦ ʥʘʡʙʽʣʴʰ ʮʽʢʘʚʽ ʟ ʦʩʪʘʥʥʽʭ ʨʦʙʽʪ ʧʦ ʧʨʦʙʣʝʤʽ ʭʚʠʣʴʦʚʠʭ 
ʧʨʦʮʝʩʽʚ, ʱʦ ʫʪʚʦʨʶʶʪʴʩʷ ʥʘ ʚʽʣʴʥʽʡ ʧʦʚʝʨʭʥʽ ʚʽʜ ʥʘʙʽʛʘʥʥʷ ʧʦʪʦʢʫ ʥʘ 
ʟʘʥʫʨʝʥʝ ʪʽʣʦ. ʇʣʦʩʢʘ ʣʽʥʽʡʥʘ ʟʘʜʘʯʘ ʜʣʷ ʮʠʣʽʥʜʨʘ, ʱʦ ʧʨʦʩʫʚʘʻʪʴʩʷ ʫ ʚʦʜʽ 
ʢʽʥʮʝʚʦʾ ʛʣʠʙʠʥʠ, ʙʫʣʘ ʨʦʟʚ'ʷʟʘʥʘ ʥʘ ʦʩʥʦʚʽ ʬʫʥʢʮʽʾ ɻʨʠʥʘ ʪʘ ʤʝʪʦʜʘ ʢʽʥʮʝʚʠʭ 
ʝʣʝʤʝʥʪʽʚ [20]. ʉʪʘʮʽʦʥʘʨʥʘ ʣʽʥʽʡʥʘ ʜʚʦʚʠʤʽʨʥʘ ʟʘʜʘʯʘ ʪʘ ʚʽʜʧʦʚʽʜʥʝ 
ʫʟʘʛʘʣʴʥʝʥʥʷ ʥʘ ʪʨʠ ʚʠʤʽʨʠ ʙʫʣʠ ʨʦʟʛʣʷʥʫʪʽ ʃʠʫ ʪʘ ʁʫ [16]. ʋ ʩʪʘʪʪʽ ʊʫʚʘʥʜʘ 
ʪʘ ʄʠʣʦʭʘ [19] ʨʦʟʛʣʷʜʘʻʪʴʩʷ ʮʷ ʟʘʜʘʯʘ ʜʣʷ ʧʦʯʘʪʢʦʚʦʛʦ ʝʪʘʧʫ ʨʫʭʫ ʟ 
ʚʠʢʦʨʠʩʪʘʥʥʷʤ ʨʦʟʚʠʥʝʥʥʷ ʧʦ ʤʘʣʦʤʫ ʯʘʩʫ ʥʝʣʽʥʽʡʥʦʾ ʧʦʯʘʪʢʦʚʦ-ʢʨʘʡʦʚʦʾ 
ʟʘʜʘʯʽ. ʄʘʢʣʘʢʦʚʠʤ ʜʦʩʣʽʜʞʝʥʦ ʟʘʜʘʯʫ ʧʨʦ ʦʙʪʽʢʘʥʥʷ ʢʫʣʽ ʧʽʜ ʚʽʣʴʥʦʶ 
ʧʦʚʝʨʭʥʝʶ ʨʽʜʠʥʠ ʢʽʥʮʝʚʦʾ ʛʣʠʙʠʥʠ ʟ ʫʪʚʦʨʝʥʥʷʤ ʭʚʠʣʴ ʥʘ ʚʽʣʴʥʽʡ ʧʦʚʝʨʭʥʽ 
[4], [5], ʧʦʢʘʟʘʥʦ, ʱʦ ʟʥʠʞʝʥʥʷ ʨʽʚʥʷ ʨʽʜʠʥʠ ʥʘʜ ʪʽʣʦʤ, ʱʦ ʨʫʭʘʻʪʴʩʷ ʽʟ 
ʩʪʘʣʦʶ ʰʚʠʜʢʽʩʪʶ, ʧʨʠʟʚʦʜʠʪʴ ʜʦ ʬʦʨʤʫʚʘʥʥʷ ʥʘʜ  ʥʠʤ ʢʨʠʪʠʯʥʦʛʦ ʨʝʞʠʤʫ 
ʪʘ ʙʣʦʢʠʨʦʚʢʠ ʪʝʯʽʾ. ʃʘʥʟʘʥʦ [15] ʜʦʩʣʽʜʞʫʻ ʘʥʘʣʽʪʠʯʥʦ ʭʚʠʣʶʚʘʥʥʷ ʫ ʩʣʽʜʽ, 
ʷʢʠʡ ʨʫʭʘʻʪʴʩʷ ʟʘ ʪʦʯʢʦʚʠʤ ʚʠʪʦʢʦʤ, ʱʦ ʨʫʭʘʻʪʴʩʷ ʛʦʨʠʟʦʥʪʘʣʴʥʦ ʟ ʩʪʘʣʦʶ 
ʰʚʠʜʢʽʩʪʶ ʽ ʤʘʻ ʩʪʘʣʫ ʧʦʪʫʞʥʽʩʪʴ, ʚʠʟʥʘʯʝʥʦ ʢʽʣʴʢʽʩʪʴ, ʪʠʧ ʪʘ ʢʦʥʬʽʛʫʨʘʮʽʷ 
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ʭʚʠʣʴ ʩʣʽʜʫ ʫ ʟʘʣʝʞʥʦʩʪʽ ʚʽʜ ʧʦʪʫʞʥʦʩʪʽ ʚʠʪʦʢʫ ʪʘ ʯʠʩʣʘ ʌʨʫʜʘ. ʉʘʥʥʠʢʦʚʠʤ 
[6] ʨʦʟʛʣʷʜʘʻʪʴʩʷ ʧʨʦʩʪʦʨʦʚʘ ʟʘʜʘʯʘ ʧʨʦ ʫʩʪʘʣʝʥʽ ʭʚʠʣʽ, ʷʢʽ ʫʪʚʦʨʶʶʪʴʩʷ ʧʨʠ 
ʦʙʪʽʢʘʥʥʽ ʜʠʧʦʣʷ ʨʽʚʥʦʤʽʨʥʠʤ ʧʦʪʦʢʦʤ ʥʝʚ'ʷʟʢʦʾ ʥʝʩʪʠʩʣʠʚʦʾ ʚʝʨʪʠʢʘʣʴʥʦ 
ʩʪʨʘʪʠʬʽʢʦʚʘʥʦʾ ʨʽʜʠʥʠ, ʦʪʨʠʤʘʥʽ ʚʠʨʘʟʠ ʜʣʷ ʭʚʠʣʴ ʚʝʨʪʠʢʘʣʴʥʠʭ 
ʧʝʨʝʤʽʱʝʥʴ. ɺʽʜʤʽʪʠʤʦ ʪʘʢʦʞ ʨʦʙʦʪʠ [1], [2], [3], [10], [17], [18].  

ʄʝʪʦʶ ʮʽʻʾ ʩʪʘʪʪʽ ʻ ʨʦʟʚóʷʟʘʥʥʷ ʪʨʠʚʠʤʽʨʥʦʾ ʟʘʜʘʯʽ ʜʣʷ ʚʽʜʥʦʩʥʦ ʤʘʣʠʭ 
ʰʚʠʜʢʦʩʪʝʡ ʪʝʯʽʾ, ʦʪʨʠʤʘʥʥʷ ʘʥʘʣʽʪʠʯʥʠʭ ʚʠʨʘʟʽʚ ʜʣʷ ʧʦʪʝʥʮʽʘʣʫ ʭʚʠʣʴʦʚʦʛʦ 
ʨʫʭʫ ʪʘ ʬʦʨʤʠ ʚʽʣʴʥʦʾ ʧʦʚʝʨʭʥʽ ʨʽʜʠʥʠ ʧʨʠ ʨʫʭʦʚʽ ʜʦʚʽʣʴʥʦʛʦ 
ʝʣʽʧʩʦʾʜʘʣʴʥʦʛʦ ʪʽʣʘ, ʷʢʝ ʟʘʥʫʨʝʥʝ ʫ ʨʽʜʠʥʫ ʥʝʩʢʽʥʯʝʥʦʾ ʛʣʠʙʠʥʠ, ʘ ʪʘʢʦʞ 
ʯʠʩʝʣʴʥʠʡ ʘʥʘʣʽʟ ʦʪʨʠʤʘʥʠʭ ʘʥʘʣʽʪʠʯʥʠʭ ʚʠʨʘʟʽʚ. ʇʨʦʙʣʝʤʘ ʨʦʟʚʷʟʫʻʪʴʩʷ ʟ 
ʚʠʢʦʨʠʩʪʘʥʥʷʤ ʤʝʪʦʜʫ ʢʦʤʧʣʝʢʩʥʦʛʦ ʧʦʪʝʥʮʽʘʣʫ ʧʦʜʚʽʡʥʦʛʦ ʰʘʨʫ ʜʣʷ 
ʚʠʚʝʜʝʥʥʷ ʘʥʘʣʽʪʠʯʥʦʛʦ ʚʠʨʘʟʫ ʬʦʨʤʠ ʚʽʜʭʠʣʝʥʥʷ ʧʦʚʝʨʭʥʽ ʫ ʚʠʛʣʷʜʽ 
ʥʝʚʣʘʩʥʠʭ ʽʥʪʝʛʨʘʣʽʚ ʟ ʥʘʩʪʫʧʥʠʤ ʯʠʩʝʣʴʥʠʤ ʪʘ ʛʨʘʬʽʯʥʠʤ ʘʥʘʣʽʟʦʤ 
ʧʦʚʝʨʭʥʝʚʦʛʦ ʨʫʭʫ ʚʽʜ ʧʝʨʝʰʢʦʜʠ, ʟʘʥʫʨʝʥʦʾ ʚ ʦʪʦʯʫʶʯʫ ʪʝʯʽʶ. 

 
1. ʇʦʩʪʘʥʦʚʢʘ ʟʘʜʘʯʽ.  
ʈʦʟʛʣʷʜʘʻʪʴʩʷ ʫʪʚʦʨʝʥʥʷ ʧʦʚʝʨʭʥʝʚʠʭ ʛʨʘʚʽʪʘʮʽʡʥʠʭ ʭʚʠʣʴ, ʷʢʽ 

ʛʝʥʝʨʫʶʪʴʩʷ ʧʝʨʝʰʢʦʜʦʶ, ʱʦ ʟʘʥʫʨʝʥʘ ʫ ʧʽʚʥʝʩʢʽʥʯʝʥʥʫ ʨʽʜʠʥʫ ʪʘ 
ʦʙʪʽʢʘʻʪʴʩʷ ʦʪʦʯʫʶʯʦʶ ʪʝʯʽʻʶ. ʈʦʟʚóʷʟʫʻʪʴʩʷ ʪʨʠʚʠʤʽʨʥʘ ʟʘʜʘʯʘ ʜʣʷ ʚʽʜʥʦʩʥʦ 
ʤʘʣʠʭ ʰʚʠʜʢʦʩʪʝʡ ʪʝʯʽʾ , ʪʦʤʫ ʝʬʝʢʪʠ ʩʪʠʩʣʠʚʦʩʪʽ ʥʝ ʻ ʩʫʪʪʻʚʠʤʠ. 
ʇʨʠʧʫʩʢʘʻʪʴʩʷ, ʱʦ ʨʽʜʠʥʘ ʥʝʩʪʠʩʣʠʚʘ, ʥʝʚóʷʟʢʘ, ʨʫʭ ʙʝʟʚʠʭʦʨʦʚʠʡ, ʪʝʯʽʷ ï 
ʧʘʨʘʣʝʣʴʥʘ ʧʦʚʝʨʭʥʽ, ʘ ʰʚʠʜʢʽʩʪʴ U  ʩʪʘʣʘ. 

ʊʨʠʚʠʤʽʨʥʘ ʟʘʜʘʯʘ ʨʦʟʛʣʷʜʘʻʪʴʩʷ ʚ ʨʽʜʢʦʤʫ ʧʽʚʧʨʦʩʪʦʨʽ 
( ) ( ) ( ){ }),(,,,,:,, h-¤Í¤¤-Í¤¤-Í=W zyxzyx , ʟ ʷʢʦʛʦ ʚʠʢʣʶʯʝʥʦ ʦʙʣʘʩʪʴ, 

ʜʝ ʨʦʟʤʽʱʝʥʦ ʟʘʥʫʨʝʥʝ ʞʦʨʩʪʢʝ ʪʽʣʦ. ʅʝʭʘʡ Wµ  ʦʟʥʘʯʘʻ ʧʦʚʝʨʭʥʶ 
ʟʘʥʫʨʝʥʦʛʦ ʪʽʣʘ, ʘ nC  ï ʟʦʚʥʽʰʥʷ ʥʦʨʤʘʣʴ ʜʦ ʥʝʾ. ɼʝʢʘʨʪʦʚʘ ʩʠʩʪʝʤʘ 
ʢʦʦʨʜʠʥʘʪ, Oxyz  ʨʫʭʘʻʪʴʩʷ ʟ ʪʽʣʦʤ ʫ ʜʦʜʘʪʥʦʤʫ ʥʘʧʨʷʤʢʫ Ox , ʚʽʩʴ Oz  
ʥʘʧʨʘʚʣʝʥʦ ʚʛʦʨʫ. ɿʘ ʤʦʚʠ ʩʠʤʝʪʨʽʾ ʬʦʨʤʠ ʪʽʣʘ ʚʽʜʥʦʩʥʦ ʧʣʦʱʠʥʠ Oxz  
ʤʦʞʥʘ ʧʝʨʝʡʪʠ ʜʦ ʜʚʦʚʠʤʽʨʥʦʾ ʟʘʜʘʯʽ, ʚʠʜʘʣʷʶʯʠ ʟʤʽʥʥʫ y . ʇʦʟʥʘʯʠʤʦ ʯʝʨʝʟ 
t  ï ʯʘʩʦʚʫ ʟʤʽʥʥʫ, j  ï ʧʦʪʝʥʮʽʘʣ ʰʚʠʜʢʦʩʪʝʡ, h  ï ʚʽʜʭʠʣʝʥʥʷ ʚʽʣʴʥʦʾ 
ʧʦʚʝʨʭʥʽ. ɺʽʜʧʦʚʽʜʥʘ ʧʦʯʘʪʢʦʚʦ-ʢʨʘʡʦʚʘ ʟʘʜʘʯʘ ʤʘʻ ʚʠʛʣʷʜ 
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2. ɸʥʘʣʽʪʠʯʥʠʡ ʨʦʟʚôʷʟʦʢ. 

ʑʦʙ ʚʠʟʥʘʯʠʪʠ ʧʦʪʝʥʮʽʘʣ ʰʚʠʜʢʦʩʪʝʡ, ʷʢʠʡ ʧʦʨʦʜʞʫʻʪʴʩʷ ʨʫʭʦʤ ʪʚʝʨʜʦʛʦ 
ʪʽʣʘ ʜʦʚʽʣʴʥʦʾ ʬʦʨʤʠ ʫ ʨʽʜʠʥʽ ʥʝʩʢʽʥʯʝʥʥʦʾ ʛʣʠʙʠʥʠ, ʥʘ ʧʦʚʝʨʭʥʽ ʪʽʣʘ Wµ  
ʨʦʟʤʽʱʫʻʪʴʩʷ ʧʨʦʩʪʠʡ ʰʘʨ ʚʠʪʦʢʽʚ ʟʤʽʥʥʦʾ ʛʫʩʪʠʥʠ ),,( 000 zyxq . ɺʠʭʦʜʷʯʠ ʟ 
ʨʝʟʫʣʴʪʘʪʽʚ, ʦʪʨʠʤʘʥʠʭ ʉʨʝʪʝʥʩʴʢʠʤ [8], ʧʦʪʝʥʮʽʘʣ ʰʚʠʜʢʦʩʪʝʡ ʤʦʞʝ ʙʫʪʠ 
ʧʨʝʜʩʪʘʚʣʝʥʠʤʫ ʚʠʛʣʷʜʽ ʧʦʚʝʨʭʥʝʚʦʛʦ ʽʥʪʝʛʨʘʣʫ. ɺ ʨʘʤʢʘʭ ʥʘʙʣʠʞʝʥʦʾ 
ʤʦʜʝʣʽ ʧʦʪʝʥʮʽʘʣ ʰʚʠʜʢʦʩʪʝʡ ʟʚʦʜʠʪʴʩʷ ʜʦ ʧʦʪʝʥʮʽʘʣʫ ʢʦʨʘʙʝʣʴʥʠʭ ʭʚʠʣʴ, 
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3. ɼʦʩʣʽʜʞʝʥʥʷ ʨʽʟʥʠʭ ʨʝʞʠʤʽʚ ʨʫʭʫ. 
ɹʫʣʦ ʧʨʦʚʝʜʝʥʦ ʯʪʩʝʣʴʥʠʡ ʘʥʘʣʽʟ ʨʽʟʥʠʭ ʨʝʞʠʤʽʚ ʨʫʭʫ ʟ ʚʠʢʦʨʠʩʪʘʥʥʷʤ 

ʬʦʨʤʫʣ (6) ʪʘ (7). ɼʦʩʣʽʜʞʫʚʘʣʠʩʴ ʨʝʞʠʤʠ ʨʫʭʫ (ʈʈ), ʟʘ ʫʤʦʚʠ 0,4<Fr<0,9. 
ʈʝʟʫʣʴʪʘʪʠ ʧʦʨʽʚʥʶʚʘʣʠʩʴ ʟ ʝʢʩʧʝʨʠʤʝʥʪʘʣʴʥʠʤʠ [11], ʚʠʷʚʣʝʥʘ ʨʦʟʙʽʞʥʽʩʪʴ 
ʩʢʣʘʜʘʻ ʙʽʣʷ 5%, ʱʦ ʧʦʷʩʥʶʻʪʴʩʷ ʧʨʠʧʫʱʝʥʥʷʤʠ ʤʦʜʝʣʽ ʪʘ ʥʘʙʣʠʞʝʥʠʤ 
ʽʥʪʝʛʨʫʚʘʥʥʷʤ. ɿʘʫʚʘʞʠʤʦ, ʦʪʨʠʤʘʥʽ ʨʝʟʫʣʴʪʘʪʠ ʟʥʘʯʥʦ ʢʨʘʱʝ ʥʘʙʣʠʞʫʶʪʴ 
ʝʢʩʧʝʨʠʤʝʥʪʘʣʴʥʽ, ʫ ʧʦʨʽʚʥʷʥʥʽ ʟ ʨʦʟʨʘʭʫʥʢʘʤʠ ʥʘ ʦʩʥʦʚʽ ʘʩʠʤʧʪʦʪʠʯʥʠʭ 
ʥʘʙʣʠʞʝʥʴ. 

ʅʘ ʨʠʩ.1 ʧʨʝʜʩʪʘʚʣʝʥʦ ʚʽʣʴʥʫ ʧʦʚʝʨʭʥʶ ʚ ʧʽʚʧʣʦʱʠʥʽ ʟ ʦʜʥʦʛʦ ʙʦʢʫ ʚʽʜ 
ʦʩʽ Ox , ʧʨʦʥʦʨʤʦʚʘʥʫ ʧʦ ʥʘʡʙʽʣʴʰʦʤʫ ʚʽʜʭʠʣʝʥʥʶ ʫ ʜʦʩʣʽʜʞʫʚʘʥʽʡ ʦʙʣʘʩʪʽ, 
ʜʣʷ ʜʚʦʭ ʭʘʨʘʢʪʝʨʥʠʭ ʚʠʧʘʜʢʽʚ ʛʝʥʝʨʘʮʽʾ ʧʦʚʝʨʭʥʝʚʠʭ ʭʚʠʣʴ ʪʽʣʦʤ 
ʝʣʽʧʩʦʾʜʘʣʴʥʦʾ ʬʦʨʤʠ, ʟʘʥʫʨʝʥʠʤ ʫ ʨʽʜʠʥʫ, ʥʘ ʷʢʝ ʥʘʙʽʛʘʻ ʨʽʜʢʠʡ ʧʦʪʽʢ. 
ɹʝʟʨʦʟʤʽʨʥʽ ʛʝʦʤʝʪʨʠʯʥʽ ʧʘʨʘʤʝʪʨʠ ʟʘʜʘʥʦ ʪʘʢʠʤ ʯʠʥʦʤ: ʜʦʚʞʠʥʠ ʧʽʚʦʩʝʡ 
ʝʣʽʧʩʦʾʜʘ ʦʙʝʨʪʘʥʥʷ a=2, b=0,2, c=0,2; ʛʣʠʙʠʥʘ ʟʘʥʫʨʝʥʥʷ ʮʝʥʪʨʘ ʝʣʽʧʩʦʾʜʘ 

1)( == *hL
h . ʆʙʣʘʩʪʴ, ʜʝ ʟʥʘʭʦʜʠʣʠ ʟʥʘʯʝʥʥʷ ʚʽʜʭʠʣʝʥʥʷ ʚʽʣʴʥʦʾ ʧʦʚʝʨʭʥʽ: 

,2000 2 ¢¢ U
x  200 2 ¢¢ U

y . 
ʈʝʟʫʣʴʪʘʪʠ ʘʥʘʣʽʟʫ ʧʨʦʚʝʜʝʥʠʭ ʨʦʟʨʘʭʫʥʢʽʚ ʧʦʢʘʟʫʶʪʴ ʥʘ ʥʘʷʚʥʽʩʪʴ 

ʤʥʦʞʠʥʠ ʨʽʟʥʠʭ ʈʈ, ʷʢʽ ʩʫʪʪʻʚʦ ʚʽʜʨʽʟʥʷʶʪʴʩʷ ʦʜʠʥ ʚʽʜ ʦʜʥʦʛʦ. ʄʦʞʥʘ ʟ ʫʩʽʻʾ 
ʤʥʦʞʠʥʠ ʚʠʜʽʣʠʪʠ ʜʚʘ ʥʘʡʙʽʣʴʰ ʭʘʨʘʢʪʝʨʥʠʭ ʨʝʞʠʤʠ ʈʈ1 ʪʘ ʈʈ2. ɼʣʷ ʯʠʩʝʣ 
ʌʨʫʜʘ  ʚ ʜʽʘʧʘʟʦʥʘʭ 0,45<Fr<0,49, 0,53<Fr<0,61, 0,74<Fr<0,90 (ʈʈ1) 
ʙʽʣʴʰʽʩʪʴ ʟʙʫʨʝʥʴ ʩʢʦʥʮʝʥʪʨʦʚʘʥʽ ʚ ʦʜʥʽʡ ʦʙʣʘʩʪʽ ï ʙʝʟʧʦʩʝʨʝʜʥʴʦ ʚ ʦʢʦʣʽ ʦʩʽ 
Ox, ʚʟʜʦʚʞ ʷʢʦʾ ʨʫʭʘʻʪʴʩʷ ʪʽʣʦ, ʘ ʟʙʫʨʝʥʘ ʧʦʚʝʨʭʥʷ ʤʘʻ ʢʣʠʥʦʚʠʜʥʫ 
(ʪʨʠʢʫʪʥʫ) ʬʦʨʤʫ, ʷʢ ʮʝ ʤʦʞʥʘ ʧʦʙʘʯʠʪʠ ʥʘ ʨʠʩ.1 (ʘ) ʧʨʠ Fr=0.54.  

ʈʝʞʠʤʠ ʨʫʭʫ ʈʈ2, ʧʨʠ ʷʢʠʭ ʯʠʩʣʦ ʌʨʫʜʘ ʙʣʠʟʴʢʝ ʜʦ Fr=0,51 ʘʙʦ Fr=0,68 
ʨʠʩ.1 (ʙ) ʜʘʶʪʴ ʪʘʢʫ ʬʦʨʤʫ ʚʽʣʴʥʦʾ ʧʦʚʝʨʭʥʽ, ʱʦ ʟʙʫʨʝʥʥʷ ʚ ʦʢʦʣʽ ʦʩʽ Ox ʰʚʠʜʢʦ 
ʟʘʪʫʭʘʶʪʴ; ʚ ʪʦʡ ʞʝ ʯʘʩ ʫʩʽ ʦʩʥʦʚʥʽ ʟʙʫʨʝʥʥʷ ʟʦʩʝʨʝʜʞʝʥʽ ʥʘ ʧʨʦʤʝʥʷʭ, ʷʢʽ 
ʚʠʭʦʜʷʪʴ ʚʽʜ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ ʽ ʥʘʧʨʘʚʣʝʥʠʭ ʧʽʜ ʢʫʪʦʤ ʚʽʜ ʦʩʽ Ox. 

   (ʘ)       (ʙ) 
ʈʠʩ.1 ɺʽʜʭʠʣʝʥʥʷ ʚʽʣʴʥʦʾ ʧʦʚʝʨʭʥʽ ʧʨʠ (ʘ) Fr=0.54; (ʙ) Fr=0,68 
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4. ʄʘʢʩʠʤʘʣʴʥʽ ʚʽʜʭʠʣʝʥʥʷ ʧʦʚʝʨʭʥʽ. 
ɼʦʩʣʽʜʞʝʥʦ ʟʘʣʝʞʥʦʩʪʽ ʚʠʩʦʪʠ ʥʘʡʚʠʱʦʛʦ ʛʨʝʙʝʥʷ )(max Frh  ʽ ʚʽʜʭʠʣʝʥʥʷ 

ʫ ʥʘʡʛʣʠʙʰʽʡ ʧʦʜʦʰʚʽ )(min Frh  ʚʽʜ ʯʠʩʣʘ ʌʨʫʜʘ, ʛʨʘʬʽʢʠ ʥʘʟʚʘʥʠʭ 
ʟʘʣʝʞʥʦʩʪʝʡ ʧʨʝʜʩʪʘʚʣʝʥʽ ʥʘ ʨʠʩ.2 ʩʫʮʽʣʴʥʠʤʠ ʢʨʠʚʠʤʠ. 

 

 
ʈʠʩ.2 ɿʘʣʝʞʥʽʩʪʴ ʚʽʜ ʯʠʩʣʘ ʌʨʫʜʘ ʚʠʩʦʪʠ ʥʘʡʚʠʱʦʛʦ ʛʨʝʙʝʥʷ 

)(max Frh  (ʜʣʷ ʝʣʽʧʩʦʾʜʘ) )()0(
max Frh  (ʜʣʷ ʢʫʣʽ) ʪʘ ʛʣʠʙʘʥʠ 

ʥʘʡʛʣʠʙʰʦʾ ʧʦʜʦʰʚʠ )(min Frh  (ʜʣʷ ʝʣʽʧʩʦʾʜʘ) )()0(
min Frh  (ʜʣʷ ʢʫʣʽ). 

 
ʎʽʢʘʚʦ, ʱʦ ʥʘʡʤʝʥʰʽ ʘʙʩʦʣʶʪʥʽ ʚʽʜʭʠʣʝʥʥʷ ʩʧʦʩʪʝʨʽʛʘʶʪʴʩʷ ʧʨʠ ʯʠʩʣʘʭ, 

ʙʣʠʟʴʢʠʭ ʜʦ Fr=0,51 ʘʙʦ ʜʦ Fr=0,68, ʪʦʙʪʦ ʚ ʈʈ2, ʘ ʥʘʡʙʽʣʴʰʽ ʚ ʈʈ1. ʊʘʢʠʤ 
ʯʠʥʦʤ, ʢʘʨʪʠʥʘ ʨʦʟʧʦʜʽʣʫ ʝʥʝʨʛʽʾ ʚ ʈʈ1 ʽ ʚ ʈʈ2 ʤʘʻ ʧʨʠʥʮʠʧʦʚʽ ʚʽʜʤʽʥʥʦʩʪʽ. 
ʄʦʞʥʘ ʟʨʦʙʠʪʠ ʚʠʩʥʦʚʦʢ, ʱʦ ʭʚʠʣʴʦʚʘ ʝʥʝʨʛʽʷ ʚ ʈʈ1 ʢʦʥʮʝʥʪʨʫʻʪʴʩʷ ʥʘʚʢʦʣʦ 
ʦʩʽ Ox, ʘ ʚ ʈʈ2 ʚʦʥʘ ʨʦʟʧʦʜʽʣʷʻʪʴʩʷ ʫ ʰʠʨʦʢʽʡ ʦʙʣʘʩʪʽ, ʱʦ ʨʦʟʤʽʱʝʥʘ ʟʘ 
ʟʘʥʫʨʝʥʠʤ ʫ ʨʽʜʠʥʫ ʪʽʣʦʤ.  

ɼʣʷ ʧʦʨʽʚʥʷʥʥʷ ʟ ʨʝʟʫʣʴʪʘʪʘʤʠ ʜʦʩʣʽʜʞʝʥʥʷ ʬʦʨʤʠ ʚʽʣʴʥʦʾ ʧʦʚʝʨʭʥʽ ʚʽʜ 
ʬʦʨʤʠ ʟʘʥʫʨʝʥʦʛʦ ʪʽʣʘ ʙʫʣʦ ʘʥʘʣʦʛʽʯʥʦ ʜʦʩʣʽʜʞʝʥʦ ʬʦʨʤʫ ʚʽʣʴʥʦʾ ʧʦʚʝʨʭʥʽ 
ʧʨʠ ʛʝʥʝʨʘʮʽʾ ʧʦʚʝʨʭʥʝʚʠʭ ʭʚʠʣʴ ʪʽʣʦʤ ʢʫʣʝʧʦʜʽʙʥʦʾ ʬʦʨʤʠ, ʧʽʜʽʙʨʘʥʦʾ ʪʘʢ, 
ʱʦʙ ʢʫʣʷ ʙʫʣʘ ʨʽʚʥʦʶ ʟʘ ʦʙ'ʻʤʦʤ ʜʦ ʝʣʽʧʩʦʾʜʘ. ɼʣʷ ʢʫʣʴ ʨʽʟʥʠʭ ʨʘʜʽʫʩʽʚ ʽ ʜʣʷ 
ʚʩʽʭ ʨʦʟʛʣʷʜʫʚʘʥʠʭ ʰʚʠʜʢʽʩʥʠʭ ʨʝʞʠʤʽʚ ʩʧʦʩʪʝʨʽʛʘʚʩʷ ʜʦʩʠʪʴ ʨʽʚʥʦʤʽʨʥʠʡ 
ʨʦʟʧʦʜʽʣ ʝʥʝʨʛʽʾ. ʋ ʚʠʧʘʜʢʫ ʨʫʭʫ ʢʫʣʽ ʟʘʣʝʞʥʽʩʪʴ ʚʽʜ ʯʠʩʣʘ ʌʨʫʜʘ ʚʠʩʦʪʠ 
ʥʘʡʚʠʱʦʛʦ ʛʨʝʙʝʥʷ )()0(

max Frh  ʪʘ ʛʣʠʙʘʥʠ ʥʘʡʛʣʠʙʰʦʾ ʧʦʜʦʰʚʠ )()0(
min Frh  ʻ 

ʤʦʥʦʪʦʥʥʠʤʠ ʬʫʥʢʮʽʷʤʠ, ʛʨʘʬʽʢʠ ʷʢʠʭ ʧʨʝʜʩʪʘʚʣʝʥʽ ʧʫʥʢʪʠʨʥʠʤʠ ʢʨʠʚʠʤʠ 
ʥʘ ʨʠʩ.2. ʄʦʞʥʘ ʟʨʦʙʠʪʠ ʚʠʩʥʦʚʦʢ ʧʨʦ ʽʩʪʦʪʥʫ ʟʘʣʝʞʥʽʩʪʴ ʬʦʨʤʠ ʚʽʣʴʥʦʾ 
ʧʦʚʝʨʭʥʽ ʨʽʜʠʥʠ ʥʝ ʪʽʣʴʢʠ ʚʽʜ ʰʚʠʜʢʦʩʪʽ ʥʘʙʽʛʘʶʯʦʛʦ ʧʦʪʦʢʫ, ʘ ʽ ʚʽʜ ʬʦʨʤʠ 
ʪʽʣʘ, ʱʦ ʨʫʭʘʻʪʴʩʷ.  
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ɺʠʩʥʦʚʢʠ. ʇʽʜʪʚʝʨʜʞʝʥʦ ʝʢʩʧʝʨʠʤʝʥʪʘʣʴʥʽ ʪʘ ʜʝʷʢʽ ʪʝʦʨʝʪʠʯʥʽ 
ʨʝʟʫʣʴʪʘʪʠ ʱʦʜʦ ʚʽʜʧʦʚʽʜʥʦʩʪʽ ʰʚʠʜʢʽʩʥʦʛʦ ʨʝʞʠʤʫ ʧʦʚʝʨʭʥʝʚʽʡ ʢʘʨʪʠʥʽ. 
ɺʠʷʚʣʝʥʦ ʽʩʥʫʚʘʥʥʷ ʨʽʟʥʠʭ ʰʚʠʜʢʽʩʥʠʭ ʨʝʞʠʤʽʚ ʨʫʭʫ, ʩʝʨʝʜ ʷʢʠʭ ʚʠʜʽʣʝʥʦ 
ʜʚʘ ʦʩʥʦʚʥʠʭ: ʨʝʞʠʤ ʨʫʭʫ (ʈʈ1), ʧʨʠ ʷʢʦʤʫ ʙʽʣʴʰʽʩʪʴ ʟʙʫʨʝʥʴ ʟʦʩʝʨʝʜʞʝʥʦ 
ʚʟʜʦʚʞ ʦʩʽ ʨʫʭʫ ʧʦʪʦʢʫ, ʪʘ ʨʝʞʠʤ ʨʫʭʫ (ʈʈ2), ʧʨʠ ʷʢʦʤʫ ʦʩʥʦʚʥʽ ʟʙʫʨʝʥʥʷ 
ʟʦʩʝʨʝʜʞʝʥʦ ʚʟʜʦʚʞ  ʧʨʦʤʝʥʽʚ, ʱʦ ʚʠʭʦʜʷʪʴ ʟ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ ʽ 
ʥʘʧʨʘʚʣʝʥʽ ʧʽʜ ʢʫʪʦʤ ʜʦ ʦʩʽ ʨʫʭʫ ʧʦʪʦʢʫ.  

ʆʪʨʠʤʘʥʦ ʟʘʣʝʞʥʽʩʪʴ ʘʙʩʦʣʶʪʥʦʾ ʚʝʣʠʯʠʥʠ ʤʘʢʩʠʤʘʣʴʥʦʛʦ ʚʽʜʭʠʣʝʥʥʷ 
ʚʽʣʴʥʦʾ ʧʦʚʝʨʭʥʽ ʚʽʜ ʯʠʩʣʘ ʌʨʫʜʘ, ʟ ʷʢʦʾ ʚʠʜʥʦ, ʱʦ ʧʨʠ ʈʈ1 ʤʘʢʩʠʤʘʣʴʥʝ 
ʚʽʜʭʠʣʝʥʥʷ ʚʽʣʴʥʦʾ ʧʦʚʝʨʭʥʽ ʟʥʘʯʥʦ ʙʽʣʴʰʝ, ʧʨʠ ʈʈ2. ʍʚʠʣʴʦʚʘ ʝʥʝʨʛʽʷ ʧʨʠ 
ʈʈ1 ʢʦʥʮʝʥʪʨʫʻʪʴʩʷ ʚʟʜʦʚʞ ʦʩʽ, ʘ ʧʨʠ ʈʈ2 ʨʦʟʧʦʜʽʣʷʻʪʴʩʷ ʚ ʰʠʨʦʢʽʡ ʦʙʣʘʩʪʽ 
ʟʘ ʟʘʥʫʨʝʥʠʤ ʚ ʨʽʜʠʥʫ ʪʽʣʦʤ.  

ʇʨʝʜʩʪʘʚʣʝʥʽ ʨʝʟʫʣʴʪʘʪʠ ʤʦʞʫʪʴ ʙʫʪʠ ʟʘʩʪʦʩʦʚʘʥʽ ʧʨʠ ʚʠʚʯʝʥʽ 
ʛʽʜʨʦʜʠʥʘʤʽʯʥʠʭ ʧʨʦʮʝʩʽʚ, ʱʦ ʚʠʥʠʢʘʶʪʴ ʚʥʘʩʣʽʜʦʢ ʨʫʭʫ ʧʽʜ ʚʦʜʦʶ ʪʽʣ 
ʩʢʣʘʜʥʦʾ ʬʦʨʤʠ. 
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¡ĒćĒĚðĒ ¢.¬. 
ʇʦʙʫʜʦʚʘʥʘ ʨʽʚʥʦʤʽʨʥʘ ʘʩʠʤʧʪʦʪʠʢʘ ʨʦʟʚôʷʟʢʫ ʩʠʩʪʝʤʠ ʩʠʥʛʫʣʷʨʥʦ ʟʙʫʨʝʥʠʭ 

ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ ʟ ʪʦʯʢʦʶ ʟʚʦʨʦʪʫ. ʈʦʟʛʣʷʜʘʻʪʴʩʷ ʚʠʧʘʜʦʢ, ʢʦʣʠ ʩʧʝʢʪʨ 
ʛʨʘʥʠʯʥʦʛʦ ʦʧʝʨʘʪʦʨʘ ʤʽʩʪʠʪʴ ʢʨʘʪʥʽ ʽ ʪʦʪʦʞʥʦ ʨʽʚʥʽ ʥʫʣʶ ʝʣʝʤʝʥʪʠ. 

A uniform asymptotics of a solution is constructed for a system of singularly perturbed 
differential equationss with a turning point. The paper investigates the case when the 
spectrum of a fase operator consists of multiple and zero elements. 

ʇʦʩʪʘʥʦʚʢʘ ʟʘʜʘʯʽ. ʋ ʜʘʥʽʡ ʨʦʙʦʪʽ ʙʫʜʝ ʧʦʙʫʜʦʚʘʥʘ ʨʽʚʥʦʤʽʨʥʘ 
ʘʩʠʤʧʪʦʪʠʢʠ ʨʦʟʚôʷʟʢʫ ʟʘʜʘʯʽ 
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ʊʫʪ ɸïʣʽʥʽʡʥʠʡ ʦʧʝʨʘʪʦʨ, ʟʘʜʘʥʠʡ ʚ n ï ʚʠʤʽʨʥʦʤʫ ʣʽʥʽʡʥʦʤʫ ʧʨʦʩʪʦʨʽ 

Rn ʜʣʷ ʢʦʞʥʦʛʦ ʬʽʢʩʦʚʘʥʦʛʦ IxÍ , )(xh  ï ʚʽʜʦʤʘ ʚʝʢʪʦʨ-ʬʫʥʢʮʽʷ, W(ʭ,e) ï 
ʰʫʢʘʥʘ ʚʝʢʪʦʨ-ʬʫʥʢʮʽʷ, am mW, ! ,   am ,0= , ï ʚʽʜʦʤʽ ʧʦʯʘʪʢʦʚʽ ʚʝʢʪʦʨʠ, 

n
kiikaE 1,1 ))(( == , n

kiikbE 1,2 ))((  ==  ï ʜʽʘʛʦʥʘʣʴʥʽ ʤʘʪʨʠʮʽ, ʚ ʷʢʠʭ 
;,11  ,1 nspiaii ++== 8   spjb jj +== ,2   ,1 , ʘ ʚʩʽ ʽʥʰʽ ʝʣʝʤʝʥʪʠ ʮʠʭ ʤʘʪʨʠʮʴ 

ʨʽʚʥʽ ʥʫʣʶ. 
ɿʘʜʘʯʫ (1) ʙʫʜʝʤʦ ʚʠʚʯʘʪʠ ʧʨʠ ʚʠʢʦʥʘʥʥʽ ʪʘʢʠʭ ʫʤʦʚ. 
ʋʤʦʚʘ 10. A x h x C I( ), ( ) [ ], Í ¤  ʜʝ )(xA  ï ʤʘʪʨʠʮʷ ʦʧʝʨʘʪʦʨʘ ɸ ʚ ʧʨʦʩʪʦʨʽ 

Rn. 
ʋʤʦʚʘ 20. ɻʨʘʥʠʯʥʠʡ ʦʧʝʨʘʪʦʨ A  ʻ ʦʧʝʨʘʪʦʨʦʤ ʧʨʦʩʪʦʾ ʩʪʨʫʢʪʫʨʠ ʽ 
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ɺʠʧʘʜʦʢ, ʢʦʣʠ ʦʧʝʨʘʪʦʨ A  ʧʨʦʩʪʦʾ ʩʪʨʫʢʪʫʨʠ ʽ ʥʝ ʤʽʩʪʠʪʴ ʪʦʪʦʞʥʦ 
ʨʽʚʥʠʭ ʥʫʣʶ ʝʣʝʤʝʥʪʽʚ ʚʠʚʯʝʥʦ ʚ [1-2]. ɺ [3] ʜʦʩʣʽʜʞʝʥʦ ʚʠʧʘʜʦʢ ʩʣʫʯʘʡ, 
ʢʦʣʠ ʩʧʝʢʪʨ ʦʧʝʨʘʪʦʨʘ ɸ ʤʽʩʪʠʪʴ ʢʨʘʪʥʽ ʥʝʜʽʘʛʦʥʘʣʽʟʦʚʘʥʽ ʝʣʝʤʝʥʪʠ, ʧʨʦʪʝ 
ʚʽʥ ʥʝ ʤʽʩʪʠʪʴ ʪʦʪʦʞʥʦ ʨʽʚʥʠʭ ʥʫʣʶ ʝʣʝʤʝʥʪʽʚ. ɺʠʧʘʜʦʢ ʧʨʦʩʪʠʭ ʩʪʘʙʽʣʴʥʠʭ ʽ 
ʥʫʣʴʦʚʠʭ ʝʣʝʤʝʥʪʽʚ ʩʧʝʢʪʨʘ ʛʨʘʥʠʯʥʦʛʦ ʦʧʝʨʘʪʦʨʘ ɸ ʚʠʚʯʝʥʦ ʚ [4]. 
ʉʠʥʛʫʣʷʨʥʦ ʟʙʫʨʝʥʽ ʟʘʜʘʯʽ (ʉɿɿ) ʟ ʢʨʘʪʥʠʤʠ ʩʪʘʙʽʣʴʥʠʤʠ ʝʣʝʤʝʥʪʘʤʠ ʩʧʝʢʪʨʘ 
ʚʠʚʯʝʥʦ ʚ [5]. 
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ʂʣʘʩʠʯʥʠʡ ʚʠʧʘʜʦʢ ʪʦʯʢʠ ʟʚʦʨʦʪʫ ʚʠʤʘʛʘʻ ʟʣʠʧʘʥʥʷ ʜʚʦʭ ʝʣʝʤʝʥʪʽʚ 
ʩʧʝʢʪʨʘ ʚ ʦʜʥʽʡ ʘʙʦ ʜʝʢʽʣʴʢʦʭ ʪʦʯʢʘʭ. ʋ ʜʦʩʣʽʜʞʫʚʘʥʦʤʫ ʚʠʧʘʜʢʫ ʚ ʪʦʯʮʽ ʭ =0 
ʚʽʜʙʫʚʘʻʪʴʩʷ ʟʣʠʧʘʥʥʷ ʥʝʩʪʘʙʽʣʴʥʦʛʦ ʝʣʝʤʝʥʪʫ l1( )x  ʟ ʪʦʪʦʞʥʦ ʨʽʚʥʠʤʠ 
ʥʫʣʶ ʝʣʝʤʝʥʪʘʤʠ ʩʧʝʢʪʨʘ. ʊʘʢʠʤ ʯʠʥʦʤ, ʚʠʚʯʘʻʪʴʩʷ ʚʠʧʘʜʦʢ, ʢʦʣʠ ʚ ʪʦʯʮʽ 

0=x  ʟʣʠʧʘʶʪʴʩʷ n p s- -  ʝʣʝʤʝʥʪʽʚ ʩʧʝʢʪʨʘ ʨʽʟʥʦʾ ʩʪʨʫʢʪʫʨʠ. ʆʩʢʽʣʴʢʠ 
ʩʠʩʪʝʤʘ (1) ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ, ʪʦ ʚ ʧʦʙʫʜʦʚʽ ʘʩʠʤʧʪʦʪʠʢʠ ʨʦʟʚôʷʟʢʫ ʉɿɿ (1) 
ʙʝʨʫʪʴ ʫʯʘʩʪʴ 2( n p s- - ) ʝʣʝʤʝʥʪʽʚ, ʷʢʽ ʦʙʝʨʪʘʶʪʴʩʷ ʚ ʥʫʣʴ ʚ ʪʦʯʮʽ 0=x . 

ʊʘʢʦʛʦ ʪʠʧʫ ʟʘʜʘʯʽ ʤʘʶʪʴ ʷʢ ʪʝʦʨʝʪʠʯʥʠʡ ʽʥʪʝʨʝʩ ʚ ʪʝʦʨʽʾ ʩʠʥʛʫʣʷʨʥʠʭ 
ʟʙʫʨʝʥʴ, ʪʘʢ ʽ ʧʨʘʢʪʠʯʥʠʡ ʽʥʪʝʨʝʩ. ʇʨʠʢʣʘʜʦʤ ʩʢʘʟʘʥʦʛʦ ʤʦʞʝ ʙʫʪʠ ʢʣʘʩʠʯʥʝ 
ʨʽʚʥʷʥʥʷ ʆʨʨʘ-ɿʦʤʤʝʨʬʝʣʴʜʘ, ʷʢʝ ʚʽʜʽʛʨʘʻ ʚʘʞʣʠʚʫ ʨʦʣʴ ʚ ʛʽʜʨʦʜʠʥʘʤʽʮʽ [6-
7]. ʇʨʦʪʝ, ʪʝʦʨʽʷ ʘʩʠʤʧʪʦʪʠʯʥʦʛʦ ʽʥʪʝʛʨʫʚʘʥʥʷ ʪʘʢʠʭ ʟʘʜʘʯ ʩʣʘʙʦ ʨʦʟʚʠʥʫʪʘ. 
ʈʝʟʫʣʴʪʘʪʠ, ʦʪʨʠʤʘʥʽ ʚ [6-7] ʪʘʢ ʽ ʥʝ ʙʫʣʦ ʫʟʘʛʘʣʴʥʝʥʦ ʥʘ ʚʠʧʘʜʦʢ ʩʠʩʪʝʤ 
ʩʠʥʛʫʣʷʨʥʦ ʟʙʫʨʝʥʠʭ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ (ʉʉɿɼʋ). 

ʇʨʦʚʝʜʝʥʽ ʜʦ ʮʴʦʛʦ ʯʘʩʫ ʜʦʩʣʽʜʞʝʥʥʷ ʧʦʢʘʟʘʣʠ ʥʘʩʪʫʧʥʝ. ʋ ʟʘʛʘʣʴʥʦʤʫ 
ʚʠʧʘʜʢʫ, ʜʣʷ ʧʦʙʫʜʦʚʠ ʘʩʠʤʧʪʦʪʠʢʠ ʨʦʟʚôʷʟʢʫ ʪʘʢʠʭ ʟʘʜʘʯ ʥʝ ʟʤʦʛʣʠ 
ʟʘʩʪʦʩʫʚʘʪʠ ʘʧʘʨʘʪ ʜʦʙʨʝ ʚʠʚʯʝʥʠʭ ʬʫʥʢʮʽʡ ɽʡʨʽ (ʜʠʚ. [10]). ʊʦʤʫ ʜʦʩʣʽʜʠʤʦ 
ʫʤʦʚʠ ʟʘ ʷʢʠʭ ʜʦ ʟʘʜʘʯʽ (1) ʤʦʞʥʘ ʙʫʜʝ ʟʘʩʪʦʩʫʚʘʪʠ ʘʧʘʨʘʪ ʬʫʥʢʮʽʡ ɽʡʨʽ ʽ 
ʤʝʪʦʜ, ʨʦʟʨʦʙʣʝʥʠʡ ʚ [1-3]. 

ɿ ʫʤʦʚ (2) ʙʘʯʠʤʦ, ʱʦ ʚʠʚʯʘʻʪʴʩʷ ʟʘʜʘʯʘ (1) ʫ ʚʠʧʘʜʢʫ, ʢʦʣʠ: 
1) ʪʦʯʢʘ 0=x  ʻ ʪʦʯʢʦʶ ʟʚʦʨʦʪʫ ʜʣʷ ʟʘʜʘʯʽ (1); 
2) ʩʧʝʢʪʨ ʛʨʘʥʠʯʥʦʛʦ ʦʧʝʨʘʪʦʨʘ A  ʤʽʩʪʠʪʴ ʢʨʘʪʥʽ ʩʪʘʙʽʣʴʥʽ ʽ ʢʨʘʪʥʽ 

ʪʦʪʦʞʥʦ ʨʽʚʥʽ ʥʫʣʶ ʝʣʝʤʝʥʪʠ; 
3) ʚʠʨʦʜʞʝʥʝ ʚʝʢʪʦʨʥʝ ʨʽʚʥʷʥʥʷ 

)()( xhx =w-A ,                                                                     (3) 
ʫ ʟʘʛʘʣʴʥʦʤʫ ʚʠʧʘʜʢʫ, ʤʘʻ ʨʦʟʨʠʚ ʜʨʫʛʦʛʦ ʨʦʜʫ ʚ ʪʦʯʮʽ 0=x . 

1. ʉʪʨʫʢʪʫʨʘ ʨʦʟʚôʷʟʢʫ ʚʠʨʦʜʞʝʥʦʛʦ ʚʝʢʪʦʨʥʦʛʦ ʨʽʚʥʷʥʥʷ. ʇʝʨʝʜ 
ʪʠʤ, ʷʢ ʧʝʨʝʡʪʠ ʜʦ ʧʦʙʫʜʦʚʠ ʘʩʠʤʧʪʦʪʠʢʠ ʨʦʟʚôʷʟʢʫ ʉɿɿ (1), ʥʘʤ ʥʝʦʙʭʽʜʥʦ 
ʚʠʚʯʠʪʠ ʫʤʦʚʠ ʽʩʥʫʚʘʥʥʷ ʨʦʟʚôʷʟʢʫ ʚʝʢʪʦʨʥʦʛʦ ʨʽʚʥʷʥʥʷ (3) ʽ ʡʦʛʦ ʩʪʨʫʢʪʫʨʫ. 

ʆʩʢʽʣʴʢʠ A  ʻ ʦʧʝʨʘʪʦʨʦʤ ʧʨʦʩʪʦʾ ʩʪʨʫʢʪʫʨʠ, ʪʦ ʥʝ ʜʠʚʣʷʯʠʩʴ ʥʘ ʢʨʘʪʥʽ 
ʝʣʝʤʝʥʪʠ ʩʧʝʢʪʨʘ, ʽʩʥʫʻ ʧʦʚʥʘ ʩʠʩʪʝʤʘ ʚʣʘʩʥʠʭ ʚʝʢʪʦʨʽʚ n1,=i  ),(xbi , ʷʢʽ 
ʫʪʚʦʨʶʶʪʴ ʙʽʦʨʪʦʥʦʨʤʦʚʘʥʫ ʩʠʩʪʝʤʫ ʚʝʢʪʦʨʽʚ ʟ ʚʝʢʪʦʨʘʤʠ b x k nk

* ( ), ;  = 1 . 
ʊʫʪ nkxbk ;1  ),(* =  ï ʧʦʚʥʘ ʩʠʩʪʝʤʘ ʚʣʘʩʥʠʭ ʚʝʢʪʦʨʽʚ ʦʧʝʨʘʪʦʨʘ *A , 
ʩʧʨʷʞʝʥʦʛʦ ʜʦ ʦʧʝʨʘʪʦʨʘ A  (ʜʠʚ. [8], ʩʪʦʨ. 218). ɼʣʷ ʟʨʫʯʥʦʩʪʽ ʢʨʘʪʥʦʤʫ 
ʝʣʝʤʝʥʪʫ l p k x+ ( ),  k s= 1,  ʚʽʜʧʦʚʽʜʘʻ s ʣʽʥʽʡʥʦ ʥʝʟʘʣʝʞʥʠʭ ʚʝʢʪʦʨʽʚ 
(ʬʫʥʜʘʤʝʥʪʘʣʴʥʠʭ ʨʦʟʚôʷʟʢʽʚ) )(xb kp+ . ɸʥʘʣʦʛʽʯʥʦ ʤʦʞʥʘ ʩʢʘʟʘʪʠ ʽ ʧʨʦ ʚʣʘʩʥʽ 
ʚʝʢʪʦʨʠ, ʷʢʽ ʚʽʜʧʦʚʽʜʘʶʪʴ ʢʨʘʪʥʦʤʫ ʪʦʪʦʞʥʦ ʨʽʚʥʦʤʫ ʥʫʣʶ ʝʣʝʤʝʥʪʫ ln x( ) . 

ʆʩʢʽʣʴʢʠ nspixi ,1     ,0)(  ++=¹l  ʻ ʚʣʘʩʥʠʤʠ ʟʥʘʯʝʥʥʷʤʠ ʦʧʝʨʘʪʦʨʽʚ 

A  ʽ *A , ʪʦ }, ,1   ),({    }, ,1   ),({ ** nspixbKernspixbKer ii ++==++== AA  
ʪʦʙʪʦ )(dimdim * spnKerKer +-== AA . 
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ʋ ʜʦʩʣʽʜʞʫʚʘʥʦʤʫ ʚʠʧʘʜʢʫ )(R)(    ,)( AARA n == RD . ʊʦʜʽ ʟʛʽʜʥʦ 
ʪʝʦʨʝʤʠ ʍʘʫʩʜʦʨʬʘ [9], ʩʪʦʨ. 22, ʦʧʝʨʘʪʦʨ A  ʥʦʨʤʘʣʴʥʦ ʨʦʟʚôʷʟʥʠʡ. ʋ 
ʥʘʰʦʤʫ ʚʠʧʘʜʢʫ ʽʥʜʝʢʩ 0dimdim)( * =-=c AAA KerKer . ʆʪʞʝ A  ï 
ʬʨʝʜʛʦʣʴʤʽʚʩʴʢʠʡ ʦʧʝʨʘʪʦʨ. ʆʩʢʽʣʴʢʠ 0>AKer , ʪʦ ʜʣʷ ʚʝʢʪʦʨʥʦʛʦ ʨʽʚʥʷʥʥʷ 
(3) ʤʘʻ ʤʽʩʮʝ ʪʨʝʪʷ ʬʫʥʜʘʤʝʥʪʘʣʴʥʘ ʪʝʦʨʝʤʘ ʌʨʝʜʛʦʣʴʤʘ, ʪʦʙʪʦ, ʥʝʦʜʥʦʨʽʜʥʝ 
ʨʽʚʥʷʥʥʷ (3) ʤʘʻ ʨʦʟʚôʷʟʦʢ ʪʦʜʽ ʽ ʪʽʣʴʢʠ ʪʦʜʽ, ʢʦʣʠ 0),( >=< *AKerxh .  

ɼʣʷ ʥʘʩʪʫʧʥʠʭ ʜʦʩʣʽʜʞʝʥʴ ʥʘʤ ʥʝʦʙʭʽʜʥʦ ʜʦʩʣʽʜʠʪʠ ʩʪʨʫʢʪʫʨʫ 
ʨʦʟʚôʷʟʢʽʚ ʥʝʦʜʥʦʨʽʜʥʦʛʦ ʨʽʚʥʷʥʥʷ (3). 

ɼʣʷ ʮʴʦʛʦ ʨʦʟʚʠʥʝʤʦ ʧʨʘʚʫ ʯʘʩʪʠʥʫ ʚʝʢʪʦʨʥʦʛʦ ʨʽʚʥʷʥʥʷ (3) ʽ ʰʫʢʘʥʠʡ 
ʨʦʟʚôʷʟʦʢ ʧʦ ʙʘʟʠʩʫ n1,=i  ),(xbi . ʆʪʨʠʤʘʻʤʦ 

ää
==

Ö¹=
n

i
ii

n

i
ii xbxhxbxbxhxh

11

* )()()())(),(()( ,

ää
==

Öw¹w=w
n

i
ii

n

i
ii xbxxbxbxx

11

* )()()())(),(()( .                                         (4) 

ɿ ʨʽʚʥʦʩʪʽ (4) ʽ ʚʣʘʩʪʠʚʦʩʪʝʡ ʙʽʦʨʪʦʥʦʨʤʦʚʘʥʦʾ ʩʠʩʪʝʤʠ ʚʝʢʪʦʨʽʚ 
n1,=,    )},(),({ * kixbxb ki  ʙʘʯʠʤʦ, ʱʦ ʫʤʦʚʠ ʦʨʪʦʛʦʥʘʣʴʥʦʩʪʽ ʧʨʘʚʦʾ ʯʘʩʪʠʥʠ 

ʨʽʚʥʷʥʥʷ (3) ʜʦ ʷʜʨʘ ʩʧʨʷʞʝʥʦʛʦ ʦʧʝʨʘʪʦʨʘ ʙʫʜʫʪʴ ʤʘʪʠ ʤʽʩʮʝ ʪʦʜʽ, ʢʦʣʠ 
nspixhi ,1   ,0)( ++=¹ . ʆʩʢʽʣʴʢʠ 0)0(1 =l , ʪʦ ʜʣʷ ʪʦʛʦ, ʱʦʙʠ ʧʨʘʚʘ ʯʘʩʪʠʥʘ 

ʨʽʚʥʷʥʥʷ (3) ʥʘʣʝʞʘʣʘ ʤʥʦʞʠʥʽ ʟʥʘʯʝʥʴ ʦʧʝʨʘʪʦʨʘ A , ʥʝʦʙʭʽʜʥʦ ʱʝ, ʱʦʙ 
ʚʠʢʦʥʫʚʘʣʘʩʴ ʪʦʯʢʦʚʘ ʫʤʦʚʘ  0)0(),0()0( *

11 >==< bhh . 
ʇʽʜʩʪʘʚʠʤʦ ʜʨʫʛʫ ʨʽʚʥʽʩʪʴ (4) ʫ ʚʝʢʪʦʨʥʝ ʨʽʚʥʷʥʥʷ (3) ʽ ʧʨʠʨʽʚʥʷʻʤʦ 

ʢʦʝʬʽʮʽʻʥʪʠ ʙʽʣʷ ʦʜʥʘʢʦʚʠʭ ʙʘʟʠʩʥʠʭ ʚʝʢʪʦʨʘʭ. ɺ ʧʨʦʮʝʩʽ ʚʠʢʦʥʘʥʥʷ ʮʠʭ 
ʧʝʨʝʪʚʦʨʝʥʴ ʙʫʜʝ ʦʪʨʠʤʘʥʦ ʨʦʟʚôʷʟʦʢ ʚʝʢʪʦʨʥʦʛʦ ʨʽʚʥʷʥʥʷ (3) ʚʠʛʣʷʜʫ 

ä ä
++=

+

=

-l+w=w
n

spi

sp

i
iiiii xbxhxxbxx

1 1

1 )()()()()()( ,                             (5) 

ʜʝ )(xiw  - ʜʦʚʽʣʴʥʽ, ʜʦʩʠʪʴ ʛʣʘʜʢʽ ʬʫʥʢʮʽʾ ʢʦʣʠ IxÍ . 
ʊʝʦʨʝʤʘ 1. ʅʝʭʘʡ: 1) ʚʠʢʦʥʫʶʪʴʩʷ ʋʤʦʚʠ 10 ʽ 20;  2) ʧʨʘʚʘ ʯʘʩʪʠʥʘ 

ʨʽʚʥʷʥʥʷ (3) ʦʨʪʦʛʦʥʘʣʴʥʘ ʜʦ ʷʜʨʘ ʩʧʨʷʞʝʥʦʛʦ ʦʧʝʨʘʪʦʨʘ *A ;  
3) 0))0(),0(()0( *

11 =¹ bhh . 
ʊʦʜʽ ʥʘ ʚʩʴʦʤʫ ʚʽʜʨʽʟʢʫ [0; ʘ] ʽʩʥʫʻ ʜʦʩʠʪʴ ʛʣʘʜʢʠʡ ʨʦʟʚôʷʟʦʢ ʚʝʢʪʦʨʥʦʛʦ 

ʨʽʚʥʷʥʥʷ (3), ʟʦʙʨʘʞʝʥʠʡ ʬʦʨʤʫʣʦʶ (5), ʜʝ )(xiw  - ʜʦʚʽʣʴʥʽ, ʜʦʩʠʪʴ ʛʣʘʜʢʽ 
ʬʫʥʢʮʽʾ ʢʦʣʠ IxÍ . 

2. ʈʦʟʰʠʨʝʥʥʷ ʟʙʫʨʝʥʦʾ ʟʘʜʘʯʽ. ɼʣʷ ʚʠʜʽʣʝʥʥʷ ʽʩʪʦʪʥʦ ʦʩʦʙʣʠʚʠʭ 
ʬʫʥʢʮʽʡ (ɯʆʌ), ʷʢʽ ʚʠʥʠʢʘʶʪʴ ʫ ʨʦʟʚôʷʟʢʫ ʉɿɿ (1), ʧʦʨʷʜ ʟ ʥʝʟʘʣʝʞʥʦʶ 
ʟʤʽʥʥʦʶ IxÍ , ʚʚʝʜʝʤʦ ʚ ʨʦʟʛʣʷʜ ʥʦʚʫ ʚʝʢʪʦʨ-ʟʤʽʥʥʫ 

2,1   ,1,2   },  ,{ 1 =+== kpjttt jk , ʢʦʤʧʦʥʝʥʪʠ ʷʢʦʾ ʚʠʟʥʘʯʠʤʦ ʟʛʽʜʥʦ ʬʦʨʤʫʣ 

ñ
-

-- eF¹l-m¹je=
x

ak
jkj

k
jkjk xdxxxt

)1(

31 ),,()()1()(  
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),()(2
3)( 1

3
2

1
2

1
2

11 eF¹
ö
ö
÷

õ
æ
æ
ç

å
l-m¹jm== ñ-- xdxxxtt

x

o
k . 

ʊʦʜʽ, ʟʛʽʜʥʦ ʨʦʟʨʦʙʣʝʥʦʛʦ ʤʝʪʦʜʫ (ʜʠʚ. [1-3]), ʜʣʷ ʚʠʟʥʘʯʝʥʥʷ 
ʨʦʟʰʠʨʝʥʦʾ ʚʝʢʪʦʨ-ʬʫʥʢʮʽʾ ),,(~ etxW  ʦʪʨʠʤʘʻʤʦ ʥʘʩʪʫʧʥʫ ʨʦʟʰʠʨʝʥʫ ʟʘʜʘʯʫ: 

].ú[),(~
    ],ú[),(~

)),(,(    ),(),,(~~                         

34
22

2
11 mm

m
mm

m

WE
dx
MWdEWEMWE

mtmMxhtxW

---

e

m+am=
e

+am=e

==eL
            (6) 

ʊʫʪ 

                ,                     

)]([])]([[~

2

2
6

1
1

4

1

2
2
1

2
2

1
23

2

2
2

2

1

^
e

+

==
e

+-
µ
µ

m+
µ
µ

m+

+
µ
µ

j¡m+
µ
µ

m+
µ
µ

j¡¹ ää

YA

L

xt
d

t
x

t
d

t
x

p

j j
jk

jk
jk

k                         (7) 

ʜʝ 

)()(2     ),()(2 111 x
x

xdx
x

xd jkjkjk j¡¡+
µ
µ

j¡¹j ¡¡+
µ
µ

j¡¹ , 

ʘ Ye
^ - ʦʧʝʨʘʪʦʨ-ʘʥʫʣʷʪʦʨ. ʗʚʥʠʡ ʚʠʛʣʷʜ ʮʴʦʛʦ ʦʧʝʨʘʪʦʨʘ ʧʨʠ ʥʝʦʙʭʽʜʥʦʩʪʽ 

ʣʝʛʢʦ ʚʠʧʠʩʘʪʠ.  
3. ʇʨʦʩʪʦʨʠ ʙʝʟʨʝʟʦʥʘʥʩʥʠʭ ʨʦʟʚôʷʟʢʽʚ (ʇɹʈ). ʆʧʠʰʝʤʦ ʧʽʜʧʨʦʩʪʦʨʠ 

ʚʝʢʪʦʨ-ʬʫʥʢʮʽʡ, ʚ ʷʢʠʭ ʙʫʜʝʤʦ ʨʦʟʚôʷʟʫʚʘʪʠ ʨʦʟʰʠʨʝʥʫ ʟʘʜʘʯʫ. ʄʘʻʤʦ 
( ) ( ) )]},()()()([ {     ,1,2   },exp)( { 111 tUxQtUxVxbYpjtxxbY krikkrikikrijkrijkirijk ¡+=+=a=

 
( ) ( ) .2,1  ,;1  )},( {     )]},()()()([ { 11 ==w=Y¡+Y= knixxbXtxgtxfxbV riiriririiri  (8) 

ʊʫʪ )(   ],[)(),(),(),(),(),( 1tUICxxgxfxQxVx kririririkrikrijk
¤Íwa , ʢ=1,2 ï 

ʬʫʥʢʮʽʾ ɽʡʨʽ, ʚʣʘʩʪʠʚʦʩʪʽ ʷʢʠʭ ʦʧʠʩʘʥʦ ʚ [11], y(t1) ï ʽʩʪʦʪʥʦ ʦʩʦʙʣʠʚʘ 
ʬʫʥʢʮʽʷ, ʷʚʥʠʡ ʚʠʛʣʷʜ ʽ ʚʣʘʩʪʠʚʦʩʪʽ ʷʢʦʾ ʦʧʠʩʘʥʦ ʚ [1ï4]. 

ɯʟ ʧʽʜʧʨʦʩʪʦʨʽʚ (8) ʩʢʣʘʜʝʤʦ ʥʦʚʠʡ ʧʨʦʩʪʽʨ 
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.                                (9) 

ɽʣʝʤʝʥʪ ʮʴʦʛʦ  ʧʨʦʩʪʦʨʫ ʤʘʻ ʚʠʛʣʷʜ 
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i
ririir txWtxWxbtxW

1 1
),,(~),()(),(                                 (10) 
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ʜʝ 

+¡++a¹ äää
=

+

==

)]()()()([ exp )(),( 11

2

1

1

2

2

1
tUxQtUxVtxtxW krikkrik

k

p

j
jkrijk

k
ri  

 

 (x))()()()(f+ ri rinrin txgtx w+Y¡+Y . 
 

4.  ʈʝʛʫʣʷʨʠʟʘʮʽʷ ʩʠʥʛʫʣʷʨʥʦ ʟʙʫʨʝʥʦʾ ʟʘʜʘʯʽ. ʋ ʮʴʦʤʫ ʧʘʨʘʛʨʘʬʽ ʥʘʤ 
ʥʝʦʙʭʽʜʥʦ ʚʠʚʯʠʪʠ ʜʽʶ ʨʦʟʰʠʨʝʥʦʛʦ ʦʧʝʨʘʪʦʨʘ ~L e  ʥʘ ʝʣʝʤʝʥʪʠ ʧʨʦʩʪʦʨʫ (9). 
ʄʝʪʦʜʠʢʘ ʪʘʢʠʭ ʜʦʩʣʽʜʞʝʥʴ ʦʧʠʩʘʥʘ ʚ [1-3]. ʊʦʤʫ ʟʘʧʠʰʝʤʦ ʢʽʥʮʝʚʠʡ 
ʨʝʟʫʣʴʪʘʪ ʜʽʾ ʨʦʟʰʠʨʝʥʦʛʦ ʦʧʝʨʘʪʦʨʘ (7) ʥʘ ʝʣʝʤʝʥʪ ʇɹʈ (9). ɼʦʩʣʽʜʞʝʥʥʷ 
ʧʦʢʘʟʘʣʠ, ʱʦ ʜʽʷ ʦʧʝʨʘʪʦʨʘ (7) ʥʘ ʝʣʝʤʝʥʪʠ ʇɹʈ (9), ʤʦʞʥʘ ʟʘʧʠʩʘʪʠ ʫ 
ʚʠʛʣʷʜʽ ʪʦʪʦʞʥʦʩʪʽ 
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2
111i1

* )]([)(D~   ),())](),(()[(2 xDxxxbxb
x

xD ijkiijkijk j¡+j¹j ¡¡+¡+
µ
µ

j¡¹ , 

))(),()((2   )),(),()((2 *
11

* xbxbxTxbxbxT iiijkijk nnnn ¡j¡=¡j¡= .               (16) 

ʈʝʟʫʣʴʪʘʪ ʜʽʾ ʦʧʝʨʘʪʦʨʘ 2

2

6 xµ
µ

¹R  ʥʘ ʝʣʝʤʝʥʪ ʇɹʈ (9) ʙʫʜʝ ʚʽʜʽʛʨʘʚʘʪʠ 

ʜʨʫʛʦʨʷʜʥʫ ʨʦʣʴ ʫ ʧʦʙʫʜʦʚʽ ʘʩʠʤʧʪʦʪʠʢʠ ʨʦʟʚôʷʟʢʫ ʉɿɿ (1). ʊʦʤʫ ʤʠ ʥʝ 
ʙʫʜʝʤʦ ʟʘʧʠʩʫʚʘʪʠ ʷʚʥʠʡ ʚʠʛʣʷʜ ʜʽʾ ʮʴʦʛʦ ʦʧʝʨʘʪʦʨʘ ʥʘ ʝʣʝʤʝʥʪ ʧʨʦʩʪʦʨʫ 
ʙʝʟʨʝʟʦʥʘʥʩʥʠʭ ʨʦʟʚôʷʟʢʽʚ. 

ɺʠʩʥʦʚʢʠ. 
1. ʇʨʦʩʪʦʨʠ ʙʝʟʨʝʟʦʥʘʥʩʥʠʭ ʨʦʟʚôʷʟʢʽʚ (9) ʽʥʚʘʨʽʘʥʪʥʽ ʚʽʜʥʦʩʥʦ 

ʦʧʝʨʘʪʦʨʽʚ Rk, 6,4,3,2,0=k , ʘ ʦʪʞʝ ʽ ʚʽʜʥʦʩʥʦ ʨʦʟʰʠʨʝʥʦʛʦ ʦʧʝʨʘʪʦʨʘ ~ ,L e  
ʟʦʙʨʘʞʝʥʦʛʦ ʪʦʪʦʞʥʽʩʪʶ (11). 

2. ʆʧʝʨʘʪʦʨ R0 ʻ ʛʦʣʦʚʥʠʤ ʦʧʝʨʘʪʦʨʦʤ ʨʦʟʰʠʨʝʥʦʛʦ ʦʧʝʨʘʪʦʨʘ ~L e  ʚ 
ʧʨʦʩʪʦʨʽ ʙʝʟʨʝʟʦʥʘʥʩʥʠʭ ʨʦʟʚôʷʟʢʽʚ (9). 

3. ʈʦʟʰʠʨʝʥʘ ʟʘʜʘʯʘ (6) ʨʝʛʫʣʷʨʥʦ ʟʙʫʨʝʥʘ ʚʽʜʥʦʩʥʦ ʤʘʣʦʛʦ ʧʘʨʘʤʝʪʨʘ m 
> 0 ʫ ʇɹʈ (9), ʪʦʙʪʦ, ʤʠ ʧʨʦʚʝʣʠ ʨʝʛʫʣʷʨʠʟʘʮʽʶ ʩʠʥʛʫʣʷʨʥʦ ʟʙʫʨʝʥʦʾ ʟʘʜʘʯʽ 
(1). 

5. ʌʦʨʤʘʣʽʟʤ ʧʦʙʫʜʦʚʠ ʨʦʟʚôʷʟʢʫ ʨʦʟʰʠʨʝʥʦʾ ʟʘʜʘʯʽ. ɸʩʠʤʧʪʦʪʠʢʫ 
ʨʦʟʚôʷʟʢʫ ʨʦʟʰʠʨʝʥʦʾ ʟʘʜʘʯʽ (6) ʙʫʜʫʻʤʦ ʫ ʚʠʛʣʷʜʽ ʨʷʜʫ 
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r YtxWtxWtxW .                                             (17) 

ʇʽʜʩʪʘʚʠʤʦ ʬʦʨʤʘʣʴʥʦ ʨʷʜ (17) ʫ ʨʦʟʰʠʨʝʥʫ ʟʘʜʘʯʫ (6). ʊʦʜʽ ʜʣʷ 
ʚʠʟʥʘʯʝʥʥʷ ʢʦʝʬʽʮʽʻʥʪʽʚ ʮʴʦʛʦ ʨʷʜʫ ʦʪʨʠʤʘʻʤʦ ʥʘʩʪʫʧʥʫ ʨʝʢʫʨʝʥʪʥʫ ʩʠʩʪʝʤʫ 
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6. ʊʝʦʨʝʤʘ ʧʨʦ ʽʩʥʫʚʘʥʥʷ ʨʦʟʚôʷʟʢʫ ʽʪʝʨʘʮʽʡʥʠʭ ʚʝʢʪʦʨʥʠʭ ʨʽʚʥʷʥʴ ʚ 
ʇɹʈ. ʅʘʤ ʥʝʦʙʭʽʜʥʦ ʚʠʚʯʠʪʠ ʫʤʦʚʠ ʽʩʥʫʚʘʥʥʷ ʨʦʟʚôʷʟʢʫ ʫ ʇɹʈ (9) 
ʽʪʝʨʘʮʽʡʥʦʛʦ ʚʝʢʪʦʨʥʦʛʦ ʨʽʚʥʷʥʥʷ 

),(),(0 txHtxW rr =R .                                                    (22) 
ɿʘʧʠʰʝʤʦ ʩʪʨʫʢʪʫʨʫ ʷʜʨʘ ʦʧʝʨʘʪʦʨʘ R0. ɺʠʢʦʨʠʩʪʦʚʫʶʯʠ ʪʦʪʦʞʥʽʩʪʴ 

(12), ʤʘʻʤʦ 

1,2,k    )],()()()()[(      ,;1     

,exp)()(    ,;2j    ,exp)()({             

1
'

1111

)1(0

=+++=

a=a= +

tUxQtUxVxbsppj

txxbptxxb

kkrkkr

kprjjkjjkrjjkjKerR
 

}.n1,sp i   ),()(b     )],(')()()()[( i1111 1
++=wy+y xxtxgtxfxb rirr

       (23) 
ʆʩʢʽʣʴʢʠ ʇɹʈ (9) ʽʥʚʘʨʽʘʥʪʥʽ ʚʽʜʥʦʩʥʦ ʛʦʣʦʚʥʦʛʦ ʦʧʝʨʘʪʦʨʘ R0, ʽ 

ʨʦʟʚôʷʟʢʠ ʨʽʚʥʷʥʥʷ (22) ʰʫʢʘʻʤʦ ʫ ʇɹʈ (9), ʪʦ ʧʨʘʚʘ ʯʘʩʪʠʥʘ ʽʪʝʨʘʮʽʡʥʦʛʦ 
ʨʽʚʥʷʥʥʷ (22) ʧʦʚʠʥʥʘ ʟ ʥʝʦʙʭʽʜʥʽʩʪʶ ʪʝʞ ʥʘʣʝʞʘʪʠ ʮʴʦʤʫ ʧʨʦʩʪʦʨʫ. 

ʊʘʢʠʤ ʯʠʥʦʤ, ʥʝʭʘʡ rr YtxH Í),( . ɿʘʧʠʰʝʤʦ ʷʚʥʠʡ ʚʠʛʣʷʜ ʮʽʻʾ ʚʝʢʪʦʨ-
ʬʫʥʢʮʽʾ. ʅʝʭʘʡ 
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+Y+¡++
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ririkkrik txmtUxBtUxA )}()()( 1 xStxl riri +Y¡ .   (24) 

ɿ ʪʦʪʦʞʥʦʩʪʽ (12) ʙʘʯʠʤʦ, ʱʦ ʦʧʝʨʘʪʦʨ 0R  ʟʚʽʜʥʠʡ ʥʘʜ ʧʨʦʩʪʦʨʦʤ 

rir Y
i

n
Y

1=
Ä=  

(ʜʠʚ. [11], ʩʪʦʨ. 36), ʪʦʙʪʦ, ʚ ʮʴʦʤʫ ʧʨʦʩʪʦʨʽ ʤʘʻ ʤʽʩʮʝ ʨʦʟʚʠʥʝʥʥʷ  

0i0 RR
1=
Ä=

i

n
,                                                                                        (25) 

ʜʝ ʦʧʝʨʘʪʦʨʠ 0R ʽ: Y Yr ri­  ʦʜʥʦʟʥʘʯʥʦ ʚʠʟʥʘʯʝʥʽ ʽ ʧʨʠ ʥʝʦʙʭʽʜʥʦʩʪʽ, 
ʚʠʢʦʨʠʩʪʦʚʫʶʯʠ (12), ʣʝʛʢʦ ʚʠʧʠʩʘʪʠ ʨʝʟʫʣʴʪʘʪ ʜʽʾ ʮʠʭ ʦʧʝʨʘʪʦʨʽʚ ʥʘ 
ʝʣʝʤʝʥʪʠ niYtxW riri ,1   ,),( =Í . 

ʆʪʞʝ, ʟʘ ʘʥʘʣʦʛʽʻʶ ʟ ʨʝʟʫʣʴʪʘʪʘʤʠ, ʦʧʠʩʘʥʠʤʠ ʚ [1], ʜʦʩʣʽʜʞʝʥʥʷ 
ʚʝʢʪʦʨʥʦʛʦ ʨʽʚʥʷʥʥʷ (22) ʚ ʧʨʦʩʪʦʨʽ Yr  ʤʦʞʥʘ ʟʘʤʽʥʠʪʠ ʥʘ ʜʦʩʣʽʜʞʝʥʥʷ n  
ʩʢʘʣʷʨʥʠʭ ʨʽʚʥʷʥʴ  

nitxHtxW riri ,1      ),,(),( ==0iR ,                                                       (26) 
ʢʦʞʥʝ ʽʟ ʷʢʠʭ ʟʘʜʘʥʦ ʚʽʜʧʦʚʽʜʥʦ ʚ ʧʽʜʧʨʦʩʪʦʨʽ riY . 
ɺʠʩʥʦʚʦʢ 4. ʂʨʘʪʥʽ ʝʣʝʤʝʥʪʠ ʥʝ ʚʧʣʠʥʫʣʠ ʥʘ ʟʦʙʨʘʞʝʥʥʷ (25) ʽ (26). 
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ʆʩʦʙʣʠʚʦʩʪʽ ʢʨʘʪʥʠʭ ʥʫʣʴʦʚʦʛʦ ʽ ʥʝʥʫʣʴʦʚʦʛʦ ʝʣʝʤʝʥʪʽʚ ʩʧʝʢʪʨʘ 
ʛʨʘʥʠʯʥʦʛʦ ʦʧʝʨʘʪʦʨʘ ʧʦʯʥʫʪʴ ʚʠʥʠʢʘʪʠ ʧʨʠ ʧʦʙʫʜʦʚʽ ʽ ʜʦʩʣʽʜʞʝʥʥʽ 
ʨʦʟʚôʷʟʢʽʚ ʩʢʘʣʷʨʥʠʭ ʨʽʚʥʷʥʴ (26). 

ɺ ʇɹʈ (9) ʦʧʝʨʘʪʦʨ 0R  ʻ ʜʽʘʛʦʥʘʣʴʥʠʤ. ʆʪʞʝ ʦʧʝʨʘʪʦʨ 0R  

ʩʘʤʦʩʧʨʷʞʝʥʠʡ, ʪʦʙʪʦ *
00 RR KerKer = . ʆʧʝʨʘʪʦʨ 0R  ʻ ʦʧʝʨʘʪʦʨʦʤ 

ʌʨʝʜʛʦʣʴʤʘ, ʧʨʠʯʦʤʫ ʷʜʨʦ ʩʧʨʷʞʝʥʦʛʦ ʦʧʝʨʘʪʦʨʘ ʥʝ ʧʫʩʪʘ ʤʥʦʞʠʥʘ. ʊʦʤʫ ʜʦ 
ʨʽʚʥʷʥʥʷ (22) ʤʦʞʥʘ ʟʘʩʪʦʩʫʚʘʪʠ ʪʨʝʪʶ ʬʫʥʜʘʤʝʥʪʘʣʴʥʫ ʪʝʦʨʝʤʫ 
ʌʨʝʜʛʦʣʴʤʘ. 

ʆʩʢʽʣʴʢʠ ʦʧʝʨʘʪʦʨ 0R  ʩʘʤʦʩʧʨʷʞʝʥʠʡ, ʪʦ ʫʤʦʚʘ ʦʨʪʦʛʦʥʘʣʴʥʦʩʪʽ ʧʨʘʚʦʾ 

ʯʘʩʪʠʥʠ ʨʽʚʥʷʥʥʷ (22) ʜʦ ʷʜʨʘ ʩʧʨʷʞʝʥʦʛʦ ʦʧʝʨʘʪʦʨʘ *
0R  ʝʢʚʽʚʘʣʝʥʪʥʘ 

ʪʚʝʨʜʞʝʥʥʶ, ʱʦ ʧʨʘʚʘ ʯʘʩʪʠʥʘ ʚʝʢʪʦʨʥʦʛʦ ʨʽʚʥʷʥʥʷ (22) ʥʝ ʤʽʩʪʠʪʴ 
ʝʣʝʤʝʥʪʽʚ ʷʜʨʘ ʦʧʝʨʘʪʦʨʘ 0R . ʄʠ ʥʝ ʤʘʻʤʦ ʫ ʷʚʥʦʤʫ ʚʠʛʣʷʜʽ ʩʧʨʷʞʝʥʦʛʦ 

ʦʧʝʨʘʪʦʨʘ *
0R . ʊʦʤʫ ʫʤʦʚʫ ʦʨʪʦʛʦʥʘʣʴʥʦʩʪʽ ʟʘʤʽʥʠʤʦ ʫʤʦʚʦʶ ʚʽʜʩʫʪʥʦʩʪʽ ʚ 

ʧʨʘʚʽʡ ʯʘʩʪʠʥʽ ʨʽʚʥʷʥʥʷ (22) ʝʣʝʤʝʥʪʽʚ ʷʜʨʘ ʦʧʝʨʘʪʦʨʘ  0R  (ʜʠʚ. (23)). ʎʷ 
ʫʤʦʚʘ ʚ ʜʦʩʣʽʜʞʫʚʘʥʽʡ ʟʘʜʘʯʽ ʻ ʜʦʩʠʪʴ ʥʘʦʯʥʦʶ ʽ ʾʾ ʣʝʛʢʦ ʟʘʩʪʦʩʫʚʘʪʠ ʧʨʠ 
ʧʦʙʫʜʦʚʽ ʘʩʠʤʧʪʦʪʠʢʠ ʨʦʟʚôʷʟʢʫ ʨʦʟʰʠʨʝʥʦʾ ʟʘʜʘʯʽ (6). 

ʇʨʠ ʜʦʩʣʽʜʞʝʥʥʽ ʩʢʘʣʷʨʥʠʭ ʨʽʚʥʷʥʴ (26) ʥʝʦʙʭʽʜʥʦ ʙʫʜʝ ʦʢʨʝʤʦ 
ʨʦʟʛʣʷʜʘʪʠ ʥʘʩʪʫʧʥʽ ʯʦʪʠʨʠ ʚʠʧʘʜʢʠ. 

ɺʠʧʘʜʦʢ 1. ʅʝʭʘʡ 1=i , ʪʦʙʪʦ, ʨʦʟʛʣʷʥʝʤʦ ʩʢʘʣʷʨʥʝ ʨʽʚʥʷʥʥʷ 
),(),( 11 txHtxW rr =01R . ɿʨʽʚʥʷʚʰʠ ʢʦʝʬʽʮʽʻʥʪʠ ʙʽʣʷ ʦʜʥʘʢʦʚʠʭ ɯʆʌ, 

ʦʜʥʦʟʥʘʯʥʦ ʚʠʟʥʘʯʠʤʦ ʚʩʽ ʢʦʝʬʽʮʽʻʥʪʠ ʬʫʥʢʮʽʾ W x tr1( , ) , ʦʢʨʽʤ ʢʦʝʬʽʮʽʻʥʪʽʚ 
V x Q x f x g xr k r k r r1 1 1 1( ), ( ), ( ), ( ),       2,1=k , ʷʢʽ ʙʫʜʫʪʴ ʚʽʜʩʫʪʥʽ ʚ ʣʽʚʽʡ ʯʘʩʪʠʥʽ 
ʜʦʩʣʽʜʞʫʚʘʥʦʛʦ ʨʽʚʥʷʥʥʷ, ʦʩʢʽʣʴʢʠ [ ( ) ( )]l l1 1 0x xi i- ¹= .  

ɼʣʷ ʦʪʨʠʤʘʥʥʷ ʛʣʘʜʢʦʛʦ ʨʦʟʚôʷʟʢʫ w lr rx x S x1 1
1

1( ) ( ) ( )¹ -  ʥʝʦʙʭʽʜʥʦ 
ʚʠʤʘʛʘʪʠ, ʱʦʙ Sr1 0 0( ) = .  

ʊʘʢʠʤ ʯʠʥʦʤ, ʷʢʱʦ Sr1 0 0( ) = , ʪʦ ʟ ʨʽʚʥʷʥʥʷ (26) ʢʦʣʠ i=1 ʦʜʥʦʟʥʘʯʥʦ 
ʚʠʟʥʘʯʠʤʦ ʚʩʽ ʜʦʩʠʪʴ ʛʣʘʜʢʽ ʢʦʝʬʽʮʽʻʥʪʠ ʬʫʥʢʮʽʾ W x tr1( , ) , ʦʢʨʽʤ ʝʣʝʤʝʥʪʽʚ 
ʷʜʨʘ ʦʧʝʨʘʪʦʨʘ R0. 

ʑʦʙ ʥʝ ʧʦʚʪʦʨʷʪʠʩʴ, ʷʚʥʽ ʬʦʨʤʫʣʠ ʜʣʷ ʚʠʟʥʘʯʝʥʥʷ ʮʠʭ ʢʦʝʬʽʮʽʻʥʪʽʚ 
ʙʫʜʝ ʚʠʧʠʩʘʥʦ ʧʽʟʥʽʰʝ, ʦʩʢʽʣʴʢʠ ʚʦʥʠ ʙʫʜʫʪʴ ʧʨʠʜʘʪʥʽ ʜʣʷ ʚʩʽʭ ʽʥʜʝʢʩʽʚ 
i n= 1, . 

ɺʠʧʘʜʦʢ 2. ʅʝʭʘʡ. i p= 2, , ʧʨʠʯʦʤʫ ʽʥʜʝʢʩ i ʬʽʢʩʦʚʘʥʠʡ. ʋ ʮʴʦʤʫ 
ʚʠʧʘʜʢʫ ʧʨʘʚʘ ʯʘʩʪʠʥʘ ʨʽʚʥʷʥʥʷ (26) ʟʛʽʜʥʦ ʧʨʠʧʫʱʝʥʥʷ, ʥʝ ʧʦʚʠʥʥʘ ʤʽʩʪʠʪʠ 
ʜʚʦʭ ʝʣʝʤʝʥʪʽʚ briik ikx t k( )exp , ,  = 1 2  ʷʜʨʘ ʦʧʝʨʘʪʦʨʘ R0. ʊʦʜʽ ʦʜʥʦʟʥʘʯʥʦ 
ʚʠʟʥʘʯʠʤʦ ʚʩʽ ʢʦʝʬʽʮʽʻʥʪʠ ʬʫʥʢʮʽʾ W x t i pri ( , ), ,  = 2 , ʦʢʨʽʤ ʢʦʝʬʽʮʽʻʥʪʽʚ 
ariik ikx t k( )exp , ,  = 1 2 . 

ɺʠʧʘʜʦʢ 3. ʈʦʟʛʣʷʥʝʤʦ ʨʽʚʥʷʥʥʷ (26) ʧʨʠ i p p s= + +1, . ʊʫʪ ʤʠ ʧʦʚʠʥʥʽ 
ʧʨʠʧʫʩʪʠʪʠ, ʱʦ ʧʨʘʚʘ ʯʘʩʪʠʥʘ ʨʽʚʥʷʥʥʷ (26) ʥʝ ʤʽʩʪʠʪʠ ʝʣʝʤʝʥʪʽʚ 
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bri p k p kx t k( ) ( )( )exp , ,+ + =1 1 1 2  . ʋ ʮʴʦʤʫ ʚʠʧʘʜʢʫ ʥʘʤʠ ʥʝ ʙʫʜʫʪʴ ʚʠʟʥʘʯʝʥʽ 
ʬʫʥʢʮʽʾ ari p k p kx t k( ) ( )( )exp , ,+ + =1 1 1 2  . 

ɺʠʧʘʜʦʢ 4. ʅʝʭʘʡ i p s n= + +1, . ɺ ʣʽʚʽʡ ʯʘʩʪʠʥʽ ʨʽʚʥʷʥʥʷ (26) ʚʽʜʩʫʪʥʽ 
ʜʦʜʘʥʢʠ - l wi rix x( ) ( ) . ʊʦʤʫ ʧʨʘʚʘ ʯʘʩʪʠʥʘ ʪʝʞ ʥʝ ʧʦʚʠʥʥʘ ʤʽʩʪʠʪʠ 
ʚʽʜʧʦʚʽʜʥʽ ʝʣʝʤʝʥʪʠ S xri ( ) ¹ 0 , i p s n= + +1, . ɸʥʘʣʦʛʽʯʥʦ, ʟ ʪʦʛʦ, ʱʦ ʧʨʘʚʘ 
ʯʘʩʪʠʥʘ ʽʪʝʨʘʮʽʡʥʦʛʦ ʨʽʚʥʷʥʥʷ (22) ʥʘʣʝʞʠʪʴ ʦʙʣʘʩʪʽ ʟʥʘʯʝʥʴ ʦʧʝʨʘʪʦʨʘ R 0  
(ʜʠʚ. (12)) ʽ ʚʨʘʭʫʚʘʚʰʠ ʫʤʦʚʠ l l1 0 0 0 1( ) ( ) , ,- = = + +i i p p s  , ʤʠ ʧʦʚʠʥʥʽ 
ʚʠʤʘʛʘʪʠ, ʱʦʙ ʧʨʘʚʘ ʯʘʩʪʠʥʘ ʨʽʚʥʷʥʥʷ (22) ʟʘʜʦʚʦʣʴʥʷʣʘ ʫʤʦʚʘʤ 

b A b B b m b l i p s ni rik i rik i ri i rik( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) , ,0 0 0 0 0 0 0 0 0 1= = = = = + +   
.(*) 

ʊʝʦʨʝʤʘ 2. ʅʝʭʘʡ: 1) ʚʠʢʦʥʫʶʪʴʩʷ ʫʤʦʚʠ 10 ʽ 20; 2) ʧʨʘʚʘ ʯʘʩʪʠʥʘ 
ʨʽʚʥʷʥʥʷ (22) ʥʝ ʤʽʩʪʠʪʴ ʝʣʝʤʝʥʪʽʚ ʷʜʨʘ ʦʧʝʨʘʪʦʨʘ R0 ; 3) Sr1 0 0( ) = ;  4 
ʤʘʶʪʴ ʤʽʩʮʝ ʫʤʦʚʠ (*). 

ʊʦʜʽ ʚ ʇɹʈ (9) ʽʩʥʫʻ ʨʦʟʚôʷʟʦʢ ʨʽʚʥʷʥʥʷ (22), ʚʠʛʣʷʜʫ 
 

W x t Z x t y x tr r r( , ) ( , ) ( , )= + .                                                                         (27) 
ʊʫʪ 
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(28) 
ʜʝ ʢʦʝʬʽʮʽʻʥʪʠ ʙʽʣʷ ɯʆʌ ʽ w ri x( )  ʻ ʜʦʚʽʣʴʥʠʤʠ, ʜʦʩʠʪʴ ʛʣʘʜʢʠʤʠ ʬʫʥʢʮʽʷʤʠ 
ʢʦʣʠ IxÍ . 

ʌʫʥʢʮʽʷ y x tr ( , )  ʚʠʟʥʘʯʝʥʘ ʟʛʽʜʥʦ ʬʦʨʤʫʣʠ 
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==

)}()()()()]()()()([){(),( 111
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1
1
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xxbtxxb

1
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1

1

2 ,1
)()(exp)()( ,                           (29) 

ʢʦʝʬʽʮʽʻʥʪʠ ʷʢʦʾ ʦʜʥʦʟʥʘʯʥʦ ʚʠʟʥʘʯʘʶʪʴʩʷ ʟ ʬʦʨʤʫʣ 
 ,2,1  ,   ,1,2  ,;1  ),(][)( 1 =¸+==bÖl-l¹a - kjipjnixx rijkjirijk  

,2;1    ,;2   ),(][)(   ),(][)( 1
1

1
1 ==Öl-l¹Öl-l¹ -- knixBxQxAxV rikirikrikirik  

 ;2   ),(][)(   ),(][)( 1
1

1
1 nixnxgxmxf riiririiri =l-l¹l-l¹ -- ,

.;1    ),()()(    1 spixSxx riiri +=Öl¹w - . 
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7.  ʇʦʙʫʜʦʚʘ ʛʦʣʦʚʥʦʛʦ ʯʣʝʥʘ ʘʩʠʤʧʪʦʪʠʢʠ ʨʦʟʚôʷʟʢʫ ʨʦʟʰʠʨʝʥʦʾ 
ʟʘʜʘʯʽ. ʉʢʦʨʠʩʪʘʚʰʠʩʴ ʪʝʦʨʝʤʘʤʠ 1 ʽ 2, ʧʦʢʘʞʝʤʦ, ʱʦ ʩʝʨʽʷ ʽʪʝʨʘʮʽʡʥʠʭ 
ʟʘʜʘʯ (18)-(21) ʘʩʠʤʧʪʦʪʠʯʥʦ ʢʦʨʝʢʪʥʘ ʚ ʧʨʦʩʪʦʨʽ ʙʝʟʨʝʟʦʥʘʥʩʥʠʭ ʨʦʟʚôʷʟʢʽʚ 
(9).  

ɿʛʽʜʥʦ ʟ ʪʝʦʨʝʤʦʶ 2, ʨʦʟʚôʷʟʢʘʤʠ ʦʜʥʦʨʽʜʥʠʭ ʽʪʝʨʘʮʽʡʥʠʭ ʨʽʚʥʷʥʴ (18) ʽ 
(19) ʚ ʇɹʈ (9) ʙʫʜʫʪʴ ʚʝʢʪʦʨ-ʬʫʥʢʮʽʾ W x t Z x t rr r( , ) ( , ), ;= = - -  2 1 , ʜʝ ʚʝʢʪʦʨ-
ʬʫʥʢʮʽʾ Z x tr ( , )  ʚʠʟʥʘʯʘʶʪʴʩʷ ʟʛʽʜʥʦ ʬʦʨʤʫʣʠ (28), ʢʦʝʬʽʮʽʻʥʪʠ ʷʢʠʭ, ʜʦ 
ʧʝʚʥʦʛʦ ʯʘʩʫ, ʙʫʜʫʪʴ ʜʦʚʽʣʴʥʠʤʠ ʜʦʩʠʪʴ ʛʣʘʜʢʠʤʠ ʬʫʥʢʮʽʷʤʠ ʢʦʣʠ IxÍ . 

ʆʙʯʠʩʣʠʤʦ ʽ ʜʦʩʣʽʜʠʤʦ ʧʨʘʚʫ ʯʘʩʪʠʥʫ ʨʽʚʥʷʥʥʷ (19). ʉʢʦʨʠʩʪʘʚʰʠʩʴ 
ʪʦʪʦʞʥʽʩʪʶ (13), ʦʪʨʠʤʘʻʤʦ 
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ʋʤʦʚʠ 3) ʪʝʦʨʝʤʠ 2 ʤʠ ʟʤʦʞʝʤʦ ʟʘʜʦʚʦʣʴʥʠʪʠ ʟʘ ʨʘʭʫʥʦʢ ʜʦʚʽʣʴʥʦʩʪʽ 
ʬʫʥʢʮʽʾ f x( ) ( )-2 1 , ʪʦʙʪʦ ʟʘʜʘʤʦ ʧʦʯʘʪʢʦʚʫ ʫʤʦʚʫ 

 ))0(),0(()]0([)0( 0
1)2(

*
1

2
11)2( -

-
- =Öj¡-= fbhf                                          (30) 

ɺʠʙʝʨʝʤʦ ʬʫʥʢʮʽʾ Q x g x kk( ) ( )( ), ( ), ;- - =2 1 2 1 1 2        ʷʢ ʨʦʟʚôʷʟʢʠ ʟʘʜʘʯ 

¤<=¤<= ---- )0(  ,0)(~     ,)0(  ,0)(~
1)2(1)2(111)2(1)2(11 kkk gxgDQxQD  (31) 

ʈʦʟʚôʷʟʢʘʤʠ ʮʠʭ ʟʘʜʘʯ ʚ ʇɹʈ (9) ʙʫʜʫʪʴ ʪʦʪʦʞʥʽ ʥʫʣʽ. ʇʨʘʚʘ ʯʘʩʪʠʥʘ 
ʨʽʚʥʷʥʥʷ (21) ʥʘʙʫʜʝ ʚʠʛʣʷʜʫ 

)()()()()(),( 1)2(
2

11
1

0 xfxxbxbxhtxH
n

i
ii -

=

j¡-¹ä .                                     (32) 

ʋ ʧʨʘʚʽʡ ʯʘʩʪʠʥʽ ʮʽʻʾ ʨʽʚʥʦʩʪʽ ʚʩʝ ʱʝ ʻ ʝʣʝʤʝʥʪʠ 
b x h x i p s ni i( ) ( ), ,  = + + 1  ʷʜʨʘ ʦʧʝʨʘʪʦʨʘ R0. ɿʘ ʨʘʭʫʥʦʢ ʜʦʚʽʣʴʥʦʩʪʽ ʜʝʷʢʠʭ 
ʬʫʥʢʮʽʡ ʤʠ ʚʞʝ ʥʝ ʟʤʦʞʝʤʦ ʟʥʠʱʠʪʠ ʝʣʝʤʝʥʪʠ ʷʜʨʘ ʦʧʝʨʘʪʦʨʘ R0, ʷʢʽ ʱʝ 
ʟʘʣʠʰʠʣʠʩʴ ʫ ʧʨʘʚʽʡ ʯʘʩʪʠʥʽ ʨʽʚʥʷʥʥʷ (20). ʊʘʢʝ ʷʚʠʱʝ ʚ ʪʝʦʨʽʾ ʩʠʥʛʫʣʷʨʥʠʭ 
ʟʙʫʨʝʥʴ ʚʠʥʠʢʘʻ ʚʧʝʨʰʝ ʽ ʧʦʷʩʥʶʻʪʴʩʷ ʮʝ ʥʘʷʚʥʽʩʪʶ ʪʦʪʦʞʥʦ ʨʽʚʥʠʭ ʥʫʣʶ 
ʝʣʝʤʝʥʪʽʚ ʩʧʝʢʪʨʘ ʛʨʘʥʠʯʥʦʛʦ ʦʧʝʨʘʪʦʨʘ A . 

ʊʦʤʫ ʜʣʷ ʪʦʛʦ, ʱʦʙ ʚʠʢʦʥʫʚʘʣʠʩʴ ʫʤʦʚʠ 2) ʪʝʦʨʝʤʠ 2 ʤʠ ʧʦʚʠʥʥʽ 
ʧʨʠʧʫʩʪʠʪʠ, ʱʦ ʚʠʢʦʥʫʶʪʴʩʷ ʫʤʦʚʠ 

nspixbxhxh ii ,1   ,0))(),(()( * ++=¹¹ ,                                                (33) 
ʪʦʙʪʦ, ʧʨʘʚʘ ʯʘʩʪʠʥʘ ʚʠʨʦʜʞʝʥʦʛʦ ʨʽʚʥʷʥʥʷ (3) ʦʨʪʦʛʦʥʘʣʴʥʘ ʜʦ ʷʜʨʘ 

ʩʧʨʷʞʝʥʦʛʦ ʦʧʝʨʘʪʦʨʘ ɸ* (ʜʠʚ. ʫʤʦʚʠ 2) ʪʝʦʨʝʤʠ 1). 
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ɺʠʩʥʦʚʦʢ 5. ʊʘʢʠʤ ʯʠʥʦʤ, ʜʣʷ ʧʦʙʫʜʦʚʠ ʨʽʚʥʦʤʽʨʥʦ ʧʨʠʜʘʪʥʦʾ ʥʘ 
ʚʩʴʦʤʫ ʚʽʜʨʽʟʢʫ ];0[ a  ʘʩʠʤʧʪʦʪʠʢʠ ʨʦʟʚôʷʟʢʫ ʉɿɿ (1) ʥʝʦʙʭʽʜʥʦ, ʱʦʙ 
ʚʠʢʦʥʫʚʘʣʠʩʴ ʫʤʦʚʠ (33), ʪʦʙʪʦ, ʱʦʙ ʤʘʣʠ ʤʽʩʮʝ ʫʤʦʚʠ 3) ʪʝʦʨʝʤʠ 1. 

ɹʘʯʠʤʦ, ʱʦ ʧʨʘʚʘ ʯʘʩʪʠʥʘ ʨʽʚʥʷʥʥʷ (20) ʟʘʜʦʚʦʣʴʥʷʻ ʫʤʦʚʫ 4) ʪʝʦʨʝʤʠ 2. 
ʆʪʞʝ, ʷʢʱʦ ʚʠʢʦʥʫʶʪʴʩʷ ʫʤʦʚʠ (30) ʽ (33), ʪʦ ʟʛʽʜʥʦ ʪʝʦʨʝʤʠ 2, ʫ ʇɹʈ Y0  

ʽʩʥʫʻ ʨʦʟʚôʷʟʦʢ ʨʽʚʥʷʥʥʷ (20), ʟʦʙʨʘʞʝʥʠʡ ʫ ʚʠʛʣʷʜʽ ʬʦʨʤʫʣ (27)-(29), ʜʝ  

)()()(),(
1

 000 xbxxtxy
sp

i
iiä

+

=

w¹w¹ . 

ʇʝʨʝʡʜʝʤʦ ʜʦ ʨʦʟʚôʷʟʘʥʥʷ ʥʘʩʪʫʧʥʦʛʦ ʽʪʝʨʘʮʽʡʥʦʛʦ ʨʽʚʥʷʥʥʷ (21) ʚ ʇɹʈ 
Y1. ʉʭʝʤʘ ʜʦʩʣʽʜʞʝʥʥʷ ʘʥʘʣʦʛʽʯʥʘ ʧʦʧʝʨʝʜʥʽʡ, ʪʦʙʪʦ: 

ʘ) ʥʝʦʙʭʽʜʥʦ ʦʙʯʠʩʣʠʪʠ ʧʨʘʚʫ ʯʘʩʪʠʥʫ ʮʴʦʛʦ ʨʽʚʥʷʥʥʷ; 
ʙ) ʥʝʦʙʭʽʜʥʦ ʚʠʤʘʛʘʪʠ, ʱʦʙ ʟʘ ʨʘʭʫʥʦʢ ʜʦʚʽʣʴʥʦʩʪʽ ʜʝʷʢʠʭ ʬʫʥʢʮʽʡ, ʷʢʽ 

ʤʽʩʪʷʪʴʩʷ ʫ ʧʨʘʚʽʡ ʯʘʩʪʠʥʽ ʜʦʩʣʽʜʞʫʚʘʥʦʛʦ ʨʽʚʥʷʥʥʷ, ʚʠʢʦʥʫʚʘʣʠʩʴ ʫʤʦʚʠ 2)-
3) ʪʝʦʨʝʤʠ 2;  

ʚ) ʧʦʪʨʽʙʥʦ, ʱʦʙ ʚʠʢʦʥʫʚʘʣʠʩʴ ʫʤʦʚʠ 4) ʪʝʦʨʝʤʠ 2; 
ʛ) ʩʢʦʨʠʩʪʘʚʰʠʩʴ ʪʝʦʨʝʤʦʶ 2, ʪʨʝʙʘ ʟʘʧʠʩʘʪʠ ʨʦʟʚôʷʟʦʢ ʨʽʚʥʷʥʥʷ (21) ʫ 

ʧʨʦʩʪʦʨʽ Y1.  
ɿʘʫʚʘʞʝʥʥʷ 2. ʋʤʦʚʫ 4) ʪʝʦʨʝʤʠ 2 ʤʠ ʥʝ ʟʤʦʞʝʤʦ ʟʘʜʦʚʦʣʴʥʠʪʠ ʥʽʷʢʠʤʠ 

ʩʪʝʧʝʥʷʤʠ ʩʚʦʙʦʜʠ ʧʦʧʝʨʝʜʥʽʭ ʨʦʟʚôʷʟʢʽʚ, ʷʢ ʮʝ ʙʫʣʦ ʟʨʦʙʣʝʥʦ ʟ ʫʤʦʚʘʤʠ 2) ʽ 
3) ʪʝʦʨʝʤʠ 2. ʊʘʢʘ ʩʢʣʘʜʥʽʩʪʴ ʧʨʦʜʠʢʪʦʚʘʥʘ ʧʨʠʩʫʪʥʽʩʪʶ ʪʦʪʦʞʥʦ ʨʽʚʥʠʭ 
ʥʫʣʶ ʝʣʝʤʝʥʪʽʚ ʩʧʝʢʪʨʘ ʛʨʘʥʠʯʥʦʛʦ ʦʧʝʨʘʪʦʨʘ. ʊʦʤʫ ʜʣʷ ʟʘʩʪʦʩʫʚʘʥʥʷ 
ʪʝʦʨʝʤ 2 ʜʦ ʧʦʙʫʜʦʚʠ ʘʩʠʤʧʪʦʪʠʢʠ ʨʦʟʚôʷʟʢʫ ʨʽʚʥʷʥʥʷ (25) ʤʠ ʧʦʚʠʥʥʽ 
ʧʦʩʪʫʣʶʚʘʪʠ ʚʠʢʦʥʘʥʥʷ ʫʤʦʚ 4) ʪʝʦʨʝʤʠ 2.  

ʋ ʮʴʦʤʫ ʮʠʢʣʫ ʤʠ ʚʠʟʥʘʯʠʣʠ ʧʦʯʘʪʢʦʚʫ ʫʤʦʚʫ f ( ) ( )- =1 1 0 0 , ʬʫʥʢʮʽʾ 
0)()( 1)1(1)1( ¹¹ -- xgxQ k  ʽ ʦʪʨʠʤʘʣʠ )1(2 -p  ʩʢʘʣʷʨʥʠʭ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ 

ʨʽʚʥʷʥʴ ( 2-=r ) 
D x j p kjjk rjjka ( ) , , , ,= = =0 2 1 2      ,                                                   (34) 

ʟ ʷʢʠʭ ʚʠʟʥʘʯʠʤʦ ʬʫʥʢʮʽʾ )(~)( )2(
0

)2()2( xCx jjkjkjjk --- a=a  ʟ ʪʦʯʥʽʩʪʶ ʜʦ ʜʦʚʽʣʴʥʠʭ 

ʩʪʘʣʠʭ ʤʥʦʞʥʠʢʽʚ ʉ jk( )-2
0 . 

ɺʨʘʭʫʚʘʚʰʠ ʪʦʪʦʞʥʽʩʪʴ (14), ʜʣʷ ʚʠʟʥʘʯʝʥʥʷ ʮʠʭ ʬʫʥʢʮʽʡ ʦʪʨʠʤʘʻʤʦ 
ʥʘʩʪʫʧʥʫ ʩʠʩʪʝʤʫ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ ( 2-=r ): 

,0)()]([)()(2 )1()1()1()1( =aj ¡¡++a¡j¡ ++++ xxMxx kprkpkprkp              (35) 
ʜʝ 
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ɺʠʩʥʦʚʦʢ 6. ʂʨʘʪʥʽʩʪʴ ʩʪʘʙʽʣʴʥʦʛʦ ʝʣʝʤʝʥʪʫ )(1 xp+l  ʚʥʝʩʣʘ ʥʘʩʪʫʧʥʫ 
ʦʩʦʙʣʠʚʽʩʪʴ: ʢʦʝʬʽʮʽʻʥʪʠ a ri p k x( ) ( )+1 , sppi ++= ,1 , ʷʢʽ ʟʥʘʭʦʜʷʪʴʩʷ ʙʽʣʷ 

ɯʆʌ b x ti p k( )exp ( )+1 , sppi ++= ,1 , ʧʦʨʦʜʞʝʥʽ ʢʨʘʪʥʠʤ ʝʣʝʤʝʥʪʦʤ, 
ʚʠʟʥʘʯʘʶʪʴʩʷ ʚʞʝ ʷʢ ʨʦʟʚôʷʟʢʠ ʩʠʩʪʝʤʠ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ (35). ʗʢʱʦ 

1=s , ʪʦ ʩʠʩʪʝʤʘ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ (35) ʧʝʨʝʪʚʦʨʶʻʪʴʩʷ ʚ ʩʢʘʣʷʨʥʝ 
ʜʠʬʝʨʝʥʮʽʘʣʴʥʝ ʨʽʚʥʷʥʥʷ (34). 

ʇʨʦʜʦʚʞʫʶʯʠ ʧʦʩʪʫʧʦʚʦ ʨʦʟʚôʷʟʫʚʘʪʠ ʽʪʝʨʘʮʽʡʥʽ ʨʽʚʥʷʥʥʷ (21) ʢʦʣʠ 
r = 1 6, , ʥʘʤʠ ʙʫʜʝ ʚʠʟʥʘʯʝʥʘ ʬʫʥʢʮʽʷ 

ä
-=

m¹e
0

2
0 ),(),,(

r
r

r txWtxW ,                                           (36) 

ʫ ʷʢʽʡ ʢʦʞʥʠʡ ʝʣʝʤʝʥʪ W x tr ( , )  ʤʽʩʪʠʪʴ ʜʦʚʽʣʴʥʽ ʩʪʘʣʽ, ʦʪʨʠʤʘʥʽ ʧʨʠ 
ʽʥʪʝʛʨʫʚʘʥʥʽ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ (34), ʩʠʩʪʝʤʠ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ 
ʨʽʚʥʷʥʴ (35) ʪʘ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ 

2,1   ,0,2   ,0)(111 =-== krxVD kr .                                     (37) 
ʂʦʞʥʠʡ ʜʦʜʘʥʦʢ ʚʝʢʪʦʨ-ʬʫʥʢʮʽʾ (36) ʤʽʩʪʠʪʴ ʱʝ ʜʦʚʽʣʴʥʽ ʩʪʘʣʽ 

nspiCrik ,1   , ++=  (ʜʠʚ. ʨʽʚʥʽʩʪʴ (28)). ʆʪʞʝ, ʢʦʞʥʘ ʟ ʬʫʥʢʮʽʡ ),( txWr  
ʤʽʩʪʠʪʴ n2  ʜʦʚʽʣʴʥʠʭ ʩʪʘʣʠʭ. ʇʦʭʦʜʞʝʥʥʷ ʮʠʭ ʩʪʘʣʠʭ ʥʝ ʻ ʦʯʝʚʠʜʥʠʤ ʽ ʚ 
ʧʦʧʝʨʝʜʥʽʭ ʜʦʩʣʽʜʞʝʥʥʷʭ ʪʘʢʝ ʷʚʠʱʝ ʥʝ ʩʧʦʩʪʝʨʽʛʘʣʦʩʴ. ʊʦʤʫ ʻ ʩʝʥʩ ʜʘʪʠ 
ʙʽʣʴʰ ʜʝʪʘʣʴʥʝ ʧʦʷʩʥʝʥʥʷ ʾʭ ʧʦʭʦʜʞʝʥʥʷ. 

ʇʨʠ ʦʙʯʠʩʣʝʥʥʽ ʧʨʘʚʦʾ ʯʘʩʪʠʥʠ ʨʽʚʥʷʥʥʷ (21) ʧʨʠ 6,4=r  ʚʧʝʨʰʝ ʙʨʘʚ 

ʫʯʘʩʪʴ ʦʧʝʨʘʪʦʨ 2
2

xµ
µ¹6R . ʇʨʦʚʽʚʰʠ ʥʝʦʙʭʽʜʥʽ ʦʙʯʠʩʣʝʥʥʷ, ʦʪʨʠʤʘʻʤʦ 

ʪʦʪʦʞʥʽʩʪʴ 

)()()()()(
11

2
2

xDxbxxb
x

x ri

n

i
iri

n

i
ir w¹w

µ
µ¹w ää

==
6R , 

ʜʝ 

)]())(),((2)())(),([()()( *

1

* xxbxbxxbxbxxD rsis

n

s
rsisriri w¡¡+w¡¡+w¡¡¹w ä

=

. 

ʆʩʢʽʣʴʢʠ ʬʫʥʢʮʽʾ wri x i p s n( ), ,  = + + 1  ʚ ʨʦʟʚ'ʷʟʢʘʭ Z x t rr ( , ), ,  = - 2 0  
ʙʫʣʠ ʜʦʚʽʣʴʥʠʤʠ (ʜʠʚ. (28)), ʪʦ ʜʣʷ ʪʦʛʦ, ʱʦʙ ʟʘʜʦʚʦʣʴʥʷʣʠʩʴ ʫʤʦʚʠ 



 

ɺʠʧʫʩʢ 57                                       ʉʝʨʽʷ: ʄʘʪʝʤʘʪʠʯʥʽ ʥʘʫʢʠ                    & ÝÐãÚÞÒI ×ÐßØáÚØ 

 23 

2) ʪʝʦʨʝʤʠ 2, ʮʽ ʬʫʥʢʮʽʾ ʚʠʟʥʘʯʠʤʦ ʷʢ ʨʦʟʚ'ʷʟʢʠ ʩʠʩʪʝʤʠ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ 
ʨʽʚʥʷʥʴ ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ 

0)(~ =w xD r ,                                                                       (38) 
ʜʝ   ~ ( ) ( ( ), , ( ))( )w w wr r p s rnx colon x x= Ö Ö Ö+ +1  ï ʥʝʚʽʜʦʤʠʡ ʚʝʢʪʦʨ-ʩʪʦʚʧʝʮʴ. 

ɺʠʩʥʦʚʦʢ 7. ʂʨʘʪʥʠʡ, ʪʦʪʦʞʥʦ ʨʽʚʥʠʡ ʥʫʣʶ ʝʣʝʤʝʥʪ ʩʧʝʢʪʨʘ ʛʨʘʥʠʯʥʦʛʦ 
ʦʧʝʨʘʪʦʨʘ ɸ ʚʥʦʩʠʪʴ ʚ ʧʦʙʫʜʦʚʫ ʘʩʠʤʧʪʦʪʠʢʠ ʨʦʟʚ'ʷʟʢʫ ʉɿɿ (1) ʥʘʩʪʫʧʥʽ 
ʦʩʦʙʣʠʚʦʩʪʽ: 

1) ʚʽʜʧʦʚʽʜʥʽ ʜʦʚʽʣʴʥʽ ʬʫʥʢʮʽʾ wri x i p s n( ), ,  = + + 1  ʚʠʟʥʘʯʘʶʪʴʩʷ ʟ 
ʩʠʩʪʝʤʠ ( spn -- ) ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ, ʱʦ ʻ ʭʘʨʘʢʪʝʨʥʦʶ ʨʠʩʦʶ 
ʢʨʘʪʥʦʩʪʽ ʩʧʝʢʪʨʘʣʴʥʦʛʦ ʝʣʝʤʝʥʪʫ; 

2) ʪʦʪʦʞʥʦ ʢʨʘʪʥʠʡ ʥʫʣʶ ʝʣʝʤʝʥʪ ln x( )  ʫʪʚʦʨʶʻ ʚʞʝ ʩʠʩʪʝʤʫ 
ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ (38) ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ. 

ɿʘʫʚʘʞʝʥʥʷ 3. ɺʣʘʩʪʠʚʽʩʪʴ 1) ʻ ʟʘʛʘʣʴʥʦʶ ʜʣʷ ʉɿɿ ʟ ʩʪʘʙʽʣʴʥʠʤ, 
ʟʥʘʢʦʟʤʽʥʥʠʤ ʩʧʝʢʪʨʦʤ ʽ ʜʣʷ ʟʘʜʘʯ ʟ ʪʦʯʢʘʤʠ ʟʚʦʨʦʪʫ ʟ ʢʨʘʪʥʠʤʠ, ʘʣʝ ʥʝ 
ʨʽʚʥʠʤʠ ʪʦʪʦʞʥʦ ʥʫʣʶ ʝʣʝʤʝʥʪʘʤʠ ʩʧʝʢʪʨʘ. ɺʣʘʩʪʠʚʽʩʪʴ 2) ʚʧʝʨʰʝ ʟôʷʚʠʣʘʩʴ 
ʧʨʠ ʜʦʩʣʽʜʞʝʥʥʽ ʨʽʚʥʷʥʥʷ (1) ʟ ʪʦʪʦʞʥʦ ʨʽʚʥʠʤ ʥʫʣʶ ʝʣʝʤʝʥʪʦʤ ʩʧʝʢʪʨʘ 
ʛʨʘʥʠʯʥʦʛʦ ʦʧʝʨʘʪʦʨʘ.  

ʇʨʦʜʦʚʞʫʶʯʠ ʜʘʣʽ ʧʦʩʪʫʧʦʚʦ ʨʦʟʚ'ʷʟʫʚʘʪʠ ʽʪʝʨʘʮʽʡʥʽ ʨʽʚʥʷʥʥʷ (21) ʢʦʣʠ 
r > 6, ʤʝʪʦʜʦʤ ʤʘʪʝʤʘʪʠʯʥʦʾ ʽʥʜʫʢʮʽʾ ʤʦʞʥʘ ʧʦʢʘʟʘʪʠ ʥʘʩʪʫʧʥʝ. ɼʣʷ ʢʦʞʥʦʾ 
ʧʨʘʚʦʾ ʯʘʩʪʠʥʠ H x tr ( , )  ʽʪʝʨʘʮʽʡʥʠʭ ʨʽʚʥʷʥʴ (21), ʟʘ ʨʘʭʫʥʦʢ ʜʦʚʽʣʴʥʠʭ 
ʬʫʥʢʮʽʡ, ʷʢʽ ʤʽʩʪʷʪʴʩʷ ʫ ʧʦʧʝʨʝʜʥʽʭ ʨʦʟʚ'ʷʟʢʘʭ, ʟʘʚʞʜʠ ʤʦʞʥʘ ʟʘʜʦʚʦʣʴʥʠʪʠ 
ʫʤʦʚʠ 2) ʽ 3) ʪʝʦʨʝʤʠ 2. ɸ ʮʝ ʦʟʥʘʯʘʻ, ʱʦ ʢʦʞʥʝ ʽʪʝʨʘʮʽʡʥʝ ʨʽʚʥʷʥʥʷ (21), 
ʟʛʽʜʥʦ ʪʝʦʨʝʤʠ 2, ʤʘʻ ʨʦʟʚ'ʷʟʦʢ ʚ ʇɹʈ (9), ʪʦʙʪʦ ʩʝʨʽʷ ʽʪʝʨʘʮʽʡʥʠʭ ʨʽʚʥʷʥʴ 
(18)-(21) ʘʩʠʤʧʪʦʪʠʯʥʦ ʢʦʨʝʢʪʥʘ ʚ ʇɹʈ (9). 

8.  ʆʜʥʦʟʥʘʯʥʘ ʨʦʟʚ'ʷʟʥʽʩʪʴ ʨʦʟʚ'ʷʟʢʽʚ ʽʪʝʨʘʮʽʡʥʠʭ ʟʘʜʘʯ. ʋ 
ʧʦʧʝʨʝʜʥʴʦʤʫ ʧʫʥʢʪʽ ʩʢʘʟʘʥʦ, ʱʦ ʢʦʞʥʠʡ ʨʦʟʚ'ʷʟʦʢ ʽʪʝʨʘʮʽʡʥʦʛʦ ʨʽʚʥʷʥʥʷ 
(18)-(21) ʤʽʩʪʠʪʴ n2  ʜʦʚʽʣʴʥʠʭ ʩʪʘʣʠʭ. ʇʦʢʘʞʝʤʦ, ʱʦ, ʚʠʢʦʨʠʩʪʦʚʫʶʯʠ 
ʢʨʘʡʦʚʽ ʫʤʦʚʠ (18)-(21), ʮʽ ʩʪʘʣʽ ʙʫʜʝ ʚʠʟʥʘʯʝʥʦ ʦʜʥʦʟʥʘʯʥʦ. 

ɿʘʧʠʰʝʤʦ ʩʪʨʫʢʪʫʨʫ ʟʘʛʘʣʴʥʦʛʦ ʨʦʟʚ'ʷʟʢʫ ʦʜʥʦʨʽʜʥʦʾ ʩʠʩʪʝʤʠ 
ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ (35). ʆʩʢʽʣʴʢʠ ʚʩʽ ʢʦʝʬʽʮʽʻʥʪʠ ʮʽʻʾ ʩʠʩʪʝʤʠ ʻ ʜʦʩʠʪʴ 
ʛʣʘʜʢʠʤʠ ʬʫʥʢʮʽʷʤʠ, ʪʦ ʟʛʽʜʥʦ ʢʣʘʩʠʯʥʦʾ ʪʝʦʨʽʾ ʽʩʥʫʻ ʬʫʥʜʘʤʝʥʪʘʣʴʥʘ 
ʩʠʩʪʝʤʘ ʨʦʟʚ'ʷʟʢʽʚ (ʌʉʈ) ʮʽʻʾ ʩʠʩʪʝʤʠ ʚʠʛʣʷʜʫ ( 2,1=k ) 

),(~,),(~

)(~,),(~

)1)((1)1)((

)1)(1(1)1)(1(

xx

xx

kspsprkpspr

kspprkppr

++++

++++

aÖÖÖa
ÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖ

aÖÖÖa

                                              (39) 

ʷʢʘ ʟʘʜʦʚʦʣʴʥʷʻ ʥʘʩʪʫʧʥʠʤ ʫʤʦʚʘʤ: 
slkakklplpr ,1    ,2,1   ,1])1[(~

)1)(( ===-a ++ .                                     (40) 
ɯʥʰʽ ʬʫʥʢʮʽʾ, ʷʢʽ ʤʽʩʪʷʪʴʩʷ ʚ ʌʉʈ (39), ʦʙʝʨʪʘʶʪʴʩʷ ʚ ʥʫʣʴ ʚ ʪʦʯʢʘʭ  ʭ=0 

ʽ ʭ=ʘ. 
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ɺʨʘʭʫʚʘʚʰʠ ʩʪʨʫʢʪʫʨʫ ʦʪʨʠʤʘʥʦʾ ʌʉʈ, ʟʘʛʘʣʴʥʠʡ ʨʦʟʚ'ʷʟʦʢ ʦʜʥʦʨʽʜʥʦʾ 
ʩʠʩʪʝʤʠ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ (35) ʟʘʧʠʰʝʤʦ ʫ ʚʠʛʣʷʜʽ ( j p p s= + +1, ) 

)(~)( )(
1

)()1( xCx kllprj

s

l
klprkprj +

=
++ a=a ä .                                    (41) 

ɿ ʚʨʘʭʫʚʘʥʥʷʤ ʧʦʯʘʪʢʦʚʠʭ ʫʤʦʚ (40) ʦʪʨʠʤʘʻʤʦ ʧʦʯʘʪʢʦʚʽ ʟʥʘʯʝʥʥʷ 
krjkprj Cak ))1( ])1[( =-a + ,       j p p s= + +1, ,                             (42) 

ʷʢʽ ʧʽʟʥʽʰʝ ʙʫʜʝ ʧʨʘʢʪʠʯʥʦ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʧʨʠ ʚʠʟʥʘʯʝʥʥʽ ʜʦʚʽʣʴʥʠʭ 
ʩʪʘʣʠʭ, ʷʢʽ ʤʽʩʪʷʪʴʩʷ ʚ ʨʦʟʚ'ʷʟʢʘʭ ʽʪʝʨʘʮʽʡʥʠʭ ʨʽʚʥʷʥʴ (18)-(21). 

ɿʘ ʘʥʘʣʦʛʽʻʶ ʟ ʦʪʨʠʤʘʥʠʤ, ʥʘʤ ʥʝʦʙʭʽʜʥʦ ʟʘʧʠʩʘʪʠ ʩʪʨʫʢʪʫʨʫ ʟʘʛʘʣʴʥʦʛʦ 
ʨʦʟʚ'ʷʟʢʫ ʦʜʥʦʨʽʜʥʦʾ ʩʠʩʪʝʤʠ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ (38). ɿ ʚʨʘʭʫʚʘʥʥʷʤ 
ʪʦʛʦ, ʱʦ ʩʠʩʪʝʤʘ (38) ʻ ʩʠʩʪʝʤʦʶ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ, 
ʦʪʨʠʤʘʻʤʦ ʥʘʩʪʫʧʥʽ ʘʥʘʣʦʛʠ ʬʦʨʤʫʣ (41) ʽ (42): 

nspjxCx rjkl
k

n

spl
rklrj ,1   ),(~  )(

2

1 1
++=w=w ä ä

= ++=

,                            (43) 

ʜʝ )(xrjklw  ï ʝʣʝʤʝʥʪʠ ʜʚʦʭ ʌʉʈ ʧʨʠ 2,1=k , ʧʨʠʯʦʤʫ 
jlakak rjklrlkl ¸=-w=-w    ,0])1[(   ,1])1[( . 

ɺ ʥʘʰʦʤʫ ʚʠʧʘʜʢʫ ʤʘʻʤʦ 
)()(   ),0()0( 112221 aCCaCC jrjjrjrrjjrjjrjrrj w+=ww+=w . 

ɺʚʝʜʝʤʦ ʧʦʟʥʘʯʝʥʥʷ  C C Cr r r= ( , )1 2 , ʜʝ 

).,,,,,,(        

),,,,,,,,(

)(222)(112
2

2)1(21)1(12111
1

sprrsprrr

nrsprnrsprrrr

CCCCC

CCCCCCC

++

++++

ÖÖÖÖÖÖÖÖÖ=

ÖÖÖÖÖÖ=
 

ʇʽʜʩʪʘʚʠʤʦ ʦʪʨʠʤʘʥʠʡ ʨʦʟʚ'ʷʟʦʢ ),(),( 22 txZtxW -- ¹  ʫ ʢʨʘʡʦʚʽ ʫʤʦʚʠ (18). 
ɺ ʨʝʟʫʣʴʪʘʪʽ ʪʘʢʦʾ ʧʽʜʩʪʘʥʦʚʢʠ ʤʘʻʤʦ ʪʘʢʫ ʩʠʩʪʝʤʫ n2  ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ 
(r=-2):  

rrC G=eD  )( .                                                                       (44) 
ʊʫʪ G=G (r ), 21

rr G  ï ʚʽʜʦʤʠʡ ʚʝʢʪʦʨ ʷʚʥʠʡ ʚʠʛʣʷʜ ʷʢʦʛʦ ʙʫʜʝ ʟʘʧʠʩʘʥʦ 
ʧʽʟʥʽʰʝ, ),( 21

rrr CCC =  ï ʰʫʢʘʥʠʡ ʚʝʢʪʦʨ, ʢʦʤʧʦʥʝʥʪʠ ʷʢʦʛʦ ʧʦʪʨʽʙʥʦ 
ʚʠʟʥʘʯʠʪʠ. 

ʂʨʘʡʦʚʽ ʫʤʦʚʠ (18) ʪʘʢʽ, ʱʦ ʩʠʩʪʝʤʘ (44) ʤʦʞʝ ʙʫʪʠ ʟʘʧʠʩʘʥʘ ʫ ʚʠʛʣʷʜʽ 
ʜʚʦʭ ʩʠʩʪʝʤ 

,)(    ,)( 22
2

11
1 rrrr CC G=eDG=eD                                          (45) 

ʚ ʷʢʠʭ 2
rG  ï ʚʽʜʦʤʠʡ ʚʝʢʪʦʨ, ʘ 1

rG ï ʪʝʞ ʚʽʜʦʤʠʡ ʚʝʢʪʦʨ, ʘʣʝ ʚʞʝ ʤʽʩʪʠʪʴ ʚ 
ʢʦʤʧʦʥʝʥʪʠ ʚʝʢʪʦʨʘ 2

rG . ʆʪʞʝ, ʩʧʦʯʘʪʢʫ ʤʦʞʥʘ ʨʦʟʚ'ʷʟʘʪʠ ʜʨʫʛʫ ʩʠʩʪʝʤʫ (45), 
ʘ ʧʽʩʣʷ ï ʧʝʨʰʫ ʩʠʩʪʝʤʫ (45), ʱʦ ʥʘʤʠ ʽ ʙʫʜʝ ʟʨʦʙʣʝʥʦ. 

ʄʘʪʨʠʮʶ D2 ( )e  ʤʦʞʥʘ ʟʘʧʠʩʘʪʠ ʫ ʚʠʛʣʷʜʽ ʥʘʩʪʫʧʥʦʾ ʙʣʦʯʥʦʾ ʤʘʪʨʠʮʽ: 
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,                                                (46) 

ʜʝ ʧʨʠ 1,0=k  ʤʘʻʤʦ 
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ʂʦʞʥʠʡ ʯʣʝʥ ʜʚʦʭ ʙʣʦʯʥʠʭ ʤʘʪʨʠʮʴ D2ij i j,    ¸  ʤʽʩʪʠʪʴ ʫ ʚʠʛʣʷʜʽ 
ʤʥʦʞʥʠʢʘ ʝʢʩʧʦʥʝʥʪʫ, ʷʢʘ ʧʨʷʤʫʻ ʜʦ ʥʫʣʶ ʧʨʠ ʧʨʷʤʫʚʘʥʥʽ ʤʘʣʦʛʦ ʧʘʨʘʤʝʪʨʘ 
ʜʦ ʥʫʣʶ. ɿ ʚʨʘʭʫʚʘʥʥʷʤ ʩʢʘʟʘʥʦʛʦ ʚʠʟʥʘʯʥʠʢ ʤʘʪʨʠʮʽ (46) ʤʦʞʥʘ ʟʘʧʠʩʘʪʠ ʫ 
ʚʠʛʣʷʜʽ  

),()])1(([))1((~)(det)(det 2
2

1
2

2

1
22 e+-j¡-¹e+D=eD ÔÔ

==

OO akakB jk
kk

kk  

ʜʝ 
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÷
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=
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ʆʩʢʽʣʴʢʠ ¡ - ¸j jk k a(( ) )1 0  ʜʣʷ ʚʩʽʭ j p s k= + =2 1 2, , ,  , ʪʦ ʩʧʨʘʚʝʜʣʠʚʘ 
ʣʝʤʘ. 

ʃʝʤʘ 1. ʅʝʭʘʡ det ~ (( ) ) , , .B k a k2 1 0 1 2- ¸ =   ʊʦʜʽ ʜʣʷ ʜʦʩʠʪʴ ʤʘʣʠʭ 
ʟʥʘʯʝʥʴ ʧʘʨʘʤʝʪʨʘ e > 0  ʚʠʟʥʘʯʥʠʢ ʤʘʪʨʠʮʽ (46) ʥʝ ʜʦʨʽʚʥʶʻ ʥʫʣʶ. 

ʇʨʠ ʚʠʢʦʥʘʥʥʽ ʫʤʦʚ ʣʝʤʠ 1, ʽʟ ʜʨʫʛʦʾ ʩʠʩʪʝʤʠ (45) ʦʜʥʦʟʥʘʯʥʦ 
ʚʠʟʥʘʯʠʤʦ ʚʝʢʪʦʨ C-2

2 . ʇʽʜʩʪʘʚʠʤʦ ʢʦʤʧʦʥʝʥʪʠ ʟʥʘʡʜʝʥʦʛʦ ʚʝʢʪʦʨʘ C-2
2  ʫ 

ʧʝʨʰʫ ʩʠʩʪʝʤʫ (45) ʽ ʧʝʨʝʡʜʝʤʦ ʜʦ ʾʾ ʜʦʩʣʽʜʞʝʥʥʷ. ɺʠʟʥʘʯʥʠʢ ʦʪʨʠʤʘʥʦʾ 
ʩʠʩʪʝʤʠ ʤʘʻ ʚʠʛʣʷʜ 
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b j wk k k rjjka U t a x j p s n k= ¡ = + + =
-

[ ( )] ( ( )), ( ), , , ,1
1

2
1 1 1 2       ï ʬʫʥʢʮʽʾ, ʷʢʽ 

ʚʭʦʜʷʪʴ ʫ ʟʘʛʘʣʴʥʠʡ ʨʦʟʚ'ʷʟʦʢ ʦʜʥʦʨʽʜʥʦʾ ʩʠʩʪʝʤʠ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ 
(38) (ʩʤ.(43)). 

ʅʝʭʘʡ detD1 0¸ . ʊʦʜʽ ʟ ʥʝʦʜʥʦʨʽʜʥʦʾ ʩʠʩʪʝʤʠ 2 1( )n p s- - +  
ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ D G1 1

1
1

1C- -=  ʦʜʥʦʟʥʘʯʥʦ ʚʠʟʥʘʯʠʤʦ ʥʝʚʽʜʦʤʠʡ ʚʝʢʪʦʨ 
C-1

1 , ʘ ʦʪʞʝ, ʥʘʤʠ ʙʫʜʝ ʦʜʥʦʟʥʘʯʥʦ ʚʠʟʥʘʯʝʥʦ ʚʝʢʪʦʨ C-1 .ʊʘʢʠʤ ʯʠʥʦʤ, 
ʩʧʨʘʚʝʜʣʠʚʘ ʥʘʩʪʫʧʥʘ ʣʝʤʘ. 

ʃʝʤʘ 2. ʥʝʭʘʡ det ~ (( ) ) , , .B k a k2 1 0 1 2- ¸ =   ʽ detD1 0¸ . ʊʦʜʽ ʜʣʷ ʜʦʩʠʪʴ 
ʤʘʣʠʭ ʟʥʘʯʝʥʴ ʧʘʨʘʤʝʪʨʘ e > 0  ʩʠʩʪʝʤʘ 2n ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ (44) ʤʘʻ 
ʻʜʠʥʠʡ ʨʦʟʚ'ʷʟʦʢ. 

ɺʠʚʯʠʤʦ ʙʽʣʴʰ ʜʝʪʘʣʴʥʦ ʨʦʟʚ'ʷʟʦʢ ʩʠʩʪʝʤʠ (44) ʢʦʣʠ 2-=r . ʆʩʢʽʣʴʢʠ 
ʜʨʫʛʽ ʢʨʘʡʦʚʽ ʫʤʦʚʠ (19) ʦʜʥʦʨʽʜʥʽ, ʪʦ ,02

2 =G-  ʪʦʙʪʦ ,02
2 =-C . ʇʝʨʰʘ 

ʩʠʩʪʝʤʘ (45) ʢʦʣʠ 2-=r . ʥʝʦʜʥʦʨʽʜʥʘ ʟʘ ʨʘʭʫʥʦʢ ʧʨʠʩʫʪʥʦʩʪʽ ʜʦʜʘʥʢʫ 
b x f x t1 2 1 1( ) ( ) ( )( )- Y . 

ʆʪʞʝ, ʨʦʟʚ'ʷʟʦʢ ʧʝʨʰʦʾ ʽʪʝʨʘʮʽʡʥʦʾ ʟʘʜʘʯʽ (19) ʤʘʻ ʚʠʛʣʷʜ 

ää
++=

-
=

--- w+Y+=
n

spi
ii

k
kk xxbtxftUxVxbtxW

1
)2(1

2

1
1)2(11)2(12 )()()]()()()()[(),( .   (47) 

ʇʨʠ ʧʽʜʩʪʘʥʦʚʮʽ ʨʦʟʚ'ʷʟʢʫ W x t-1( , )  ʫ ʢʨʘʡʦʚʽ ʫʤʦʚʠ (20) ʜʣʷ ʚʠʟʥʘʯʝʥʥʷ 
ʥʝʚʽʜʦʤʦʛʦ ʚʝʢʪʦʨʘ ʉ-1 ʤʠ ʟʥʦʚʫ ʦʪʨʠʤʘʣʠ ʩʠʩʪʝʤʫ n2  ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ 
(44) ʧʨʠ 1-=r . ɿʘ ʦʧʠʩʘʥʦʶ ʩʭʝʤʦʶ, ʙʫʜʝ ʦʜʥʦʟʥʘʯʥʦ ʚʠʟʥʘʯʝʥʦ ʚʝʢʪʦʨ-
ʬʫʥʢʮʽʷ W x t-1( , ) . 

ʇʨʦʜʦʚʞʫʶʯʠ ʜʘʣʽ ʚʠʟʥʘʯʘʪʠ ʚʝʢʪʦʨʠ 1   , ->rCr  ʤʦʞʥʘ ʧʦʢʘʟʘʪʠ, ʱʦ 
ʢʦʞʥʘ ʽʪʝʨʘʮʽʡʥʘ ʟʘʜʘʯʘ (18)-(21) ʫ ʇɹʈ (9) ʤʘʻ ʻʜʠʥʠʡ ʨʦʟʚ'ʷʟʦʢ. ɸ ʮʝ 
ʦʟʥʘʯʘʻ, ʱʦ ʩʝʨʽʷ ʽʪʝʨʘʮʽʡʥʠʭ ʟʘʜʘʯ  (19)-(22) ʘʩʠʤʧʪʦʪʠʯʥʦ ʢʦʨʝʢʪʥʘ ʚ ʇɹʈ 
(9). 

ʇʦʙʫʜʦʚʘʥʠʡ ʬʦʨʤʘʣʴʥʠʡ ʨʷʜ ʨʦʟʚ'ʷʟʢʫ ʨʦʟʰʠʨʝʥʦʾ ʟʘʜʘʯʽ (6) ʤʽʩʪʠʪʴ 
ʜʦʜʘʥʢʠ ʟ ʚʽʜôʻʤʥʠʤʠ ʩʪʝʧʝʥʷʤʠ ʤʘʣʦʛʦ ʧʘʨʘʤʝʪʨʫ. ʆʩʢʽʣʴʢʠ ʬʫʥʢʮʽʾ ɽʡʨʽ 
U tk ( ) ( )1 1ºO  ʽ ʪʠʤ ʙʽʣʴʰʝ w ( ) ( ) ( )- º2 1i x O , ʪʦ ʧʦʙʫʜʦʚʘʥʠʡ ʨʦʟʚ'ʷʟʦʢ 
ʥʝʦʙʤʝʞʝʥʦ ʟʨʘʩʪʘʻ ʧʨʠ ʧʨʷʤʫʚʘʥʥʽ ʤʘʣʦʛʦ ʧʘʨʘʤʝʪʨʘ ʜʦ ʥʫʣʷ.  

ʇʦ ʘʥʘʣʦʛʽʾ ʟ ʧʦʧʝʨʝʜʥʽʤʠ ʧʨʘʮʷʤʠ (ʜʠʚ.[1-3]) ʧʦʢʘʞʝʤʦ, ʱʦ ʟʘ ʧʨʠ 
ʩʧʝʮʽʘʣʴʥʦʤʫ ʚʠʙʦʨʽ ʧʦʯʘʪʢʦʚʠʭ ʚʝʢʪʦʨʽʚ am m a, ,  = 0  ʛʦʣʦʚʥʠʡ ʯʣʝʥ 
ʘʩʠʤʧʪʦʪʠʢʠ ʨʦʟʚ'ʷʟʢʫ ʉɿɿ (1), ʘ ʚʽʜʧʦʚʽʜʥʦ, ʽ ʚʩʷ ʘʩʠʤʧʪʦʪʠʢʘ ʨʦʟʚ'ʷʟʢʫ ʮʽʻʾ 
ʟʘʜʘʯʽ, ʤʦʞʝ ʙʫʪʠ ʦʪʨʠʤʘʥʘ ʚ ʙʽʣʴʰ ʧʨʦʩʪʽʰʦʤʫ ʚʠʛʣʷʜʽ, ʧʨʠʯʦʤʫ ʦʪʨʠʤʘʥʘ 
ʪʘʢʠʤ ʯʠʥʦʤ ʘʩʠʤʧʪʦʪʠʢʘ ʨʦʟʚ'ʷʟʢʫ ʙʫʜʝ ʚʞʝ ʨʽʚʥʦʤʽʨʥʦ ʧʨʠʜʘʪʥʘ ʽ ʚʽʜʥʦʩʥʦ 
ʤʘʣʦʛʦ ʧʘʨʘʤʝʪʨʘ e > 0 . 

ʅʘʤʠ ʚʞʝ ʙʫʣʦ ʧʦʢʘʟʘʥʦ, ʱʦ G- =2
2 0 . ɹʫʜʝʤʦ ʚʠʤʘʛʘʪʠ, ʱʦʙ G- =2

1 0 , 
ʪʦʙʪʦ ʟʘʜʘʤʦ ʯʘʩʪʠʥʫ ʢʦʤʧʦʥʝʥʪ ʚʝʢʪʦʨʽʚ am m a, ,  = 0  ʫ ʚʠʛʣʷʜʽ 
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a w nn n nm i i
i p s

n
b m f m t m b m m p s n= + = + +- -

= + +
ä1 2 1 1 2

1
1 1( ) ( ) ( ( )) ( ) ( ), ,( ) ( )Y    8 .  (48) 

ʇʨʠ ʚʠʢʦʥʘʥʥʽ ʫʤʦʚ (48) ʥʘʤʠ ʙʫʜʝ ʦʪʨʠʤʘʥʘ ʦʜʥʦʨʽʜʥʘ ʩʠʩʪʝʤʘ ʨʽʚʥʷʥʴ 
D1 2

1 0C- = , ʪʦʙʪʦ C- =2
1 0 . ʋ ʮʴʦʤʫ ʚʠʧʘʜʢʫ ʨʦʟʚ'ʷʟʦʢ (47) ʥʘʙʫʜʝ 

ʥʘʡʧʨʦʩʪʽʰʦʛʦ ʚʠʛʣʷʜʫ, ʪʦʙʪʦ W x t b x f x t- -=2 1 2 1 1( , ) ( ) ( ) ( )( ) Y . 
ɼʦʩʣʽʜʠʤʦ ʧʨʘʚʫ ʯʘʩʪʠʥʫ ʩʠʩʪʝʤʠ (44) ʧʨʠ 1-=r . ʗʢʱʦ ʚʟʷʪʠ 

nspmtmfmmbm ,11    a,0, m  )),(()()()( 11)2(11 ++=n=Y¡j¡=a -nn 8 ,                 (49) 

ʪʦ ʦʪʨʠʤʘʻʤʦ ʦʜʥʦʨʽʜʥʫ ʩʠʩʪʝʤʫ D2 1
2 0C- = , ʪʦʙʪʦ, C- =1

2 0 .  
ʇʝʨʰʘ ʩʠʩʪʝʤʘ (45) ʧʨʠ 1-=r  ʪʝʞ ʙʫʜʝ ʦʜʥʦʨʽʜʥʦʶ. 
ʊʘʢʠʤ ʯʠʥʦʤ, ʧʨʠ ʚʠʢʦʥʘʥʥʽ ʫʤʦʚ (49) ʨʦʟʚ'ʷʟʢʦʤ ʟʘʜʘʯʽ (23) ʙʫʜʝ 

0),(1 ¹- txW . 
ɺʠʩʥʦʚʦʢ 8. ʗʢʱʦ ʢʦʤʧʦʥʝʥʪʠ ʚʝʢʪʦʨʽʚ am m a, ,  = 0  ʚʠʙʨʘʪʠ ʫ ʚʠʛʣʷʜʽ 

ʬʦʨʤʫʣ (48) ʽ (49), ʪʦ ʨʦʟʚ'ʷʟʢʦʤ ʨʦʟʰʠʨʝʥʦʾ ʟʘʜʘʯʽ (6) ʙʫʜʝ ʨʷʜ 

ä
+¤

=
-

- m+Ym=e
0

11)2(1
2 ),()()()(),,(~

r
r

r txWtxfxbtxW .                            (50) 

8. ʆʮʽʥʢʘ ʟʘʣʠʰʢʦʚʦʛʦ ʯʣʝʥʘ ʘʩʠʤʧʪʦʪʠʢʠ ʨʦʟʚ'ʷʟʢʫ. ɿʘʧʠʰʝʤʦ 
ʬʦʨʤʘʣʴʥʠʡ ʨʷʜ (50) ʫ ʚʠʛʣʷʜʽ ʪʦʪʦʞʥʦʩʪʽ 

~( , , ) ( , , ) ~ ( , , ),W x t W x t x tq qe m x ee¹ + +1  

ʜʝ W x tqe m( , , )  ï ʯʘʩʪʢʦʚʘ q  - ʩʫʤʘ ʨʷʜʫ (50), ʘ m x eq
q x t+
+ -1

1

~ ( , , )  ʟʘʣʠʰʢʦʚʠʡ 
ʯʣʝʥ ʮʴʦʛʦ ʨʷʜʫ. ʇʨʦʚʝʜʝʤʦ ʟʚʫʞʝʥʥʷ ʚ ʪʦʪʦʞʥʦʩʪʽ (50) ʢʦʣʠ ),( eF= xt . 
ʆʪʨʠʤʘʻʤʦ ʪʦʪʦʞʥʽʩʪʴ 

 )),,(,()),,(,()),,(,(),,(~
1),( eeFx+eeF¹eeF¹e +eeF= xxxxWxxWtxW qqxt .     (51) 

ʉʢʦʨʠʩʪʘʚʰʠʩʴ ʚʽʜʦʤʦʶ ʤʝʪʦʜʠʢʦʶ (ʜʠʚ.[1-3]), ʦʪʨʠʤʘʻʤʦ ʥʘʩʪʫʧʥʫ 
ʦʮʽʥʢʫ ʟʘʣʠʰʢʦʚʦʛʦ ʯʣʝʥʘ ʘʩʠʤʧʪʦʪʠʢʠ ʨʦʟʚ'ʷʟʢʫ ʉɿɿ (1): 

x e e mq
q

qx x K+
+

+¢1
1

2
1( , ( , ), ) ,F    q>0,                                                        (52) 

ʜʝ ʧʦʩʪʽʡʥʘ 1+qK  ʥʝ ʟʘʣʝʞʠʪʴ ʚʽʜ IxÍ  ʽ ʤʘʣʦʛʦ ʧʘʨʘʤʝʪʨʫ 0>e . 
ʋ ʯʘʩʪʠʥʥʦʤʫ ʚʠʧʘʜʢʫ, ʢʦʣʠ 0=q  ʟʘ ʨʘʭʫʥʦʢ ʪʦʛʦ, ʱʦ Q xik0 0( ) ¹ , ʥʘ 

ʜʦʚʽʣʴʥʦʤʫ ʢʦʤʧʘʢʪʽ ʚʽʜʨʽʟʢʘ I , ʷʢʠʡ ʥʝ ʤʽʩʪʠʪʴ ʪʦʯʦʢ 0=x  ʽ ax =  ʤʘʻ ʤʽʩʮʝ 
ʦʮʽʥʢʘ 

11 )),,(,( Kxx m¢eeFx .                                                                       (53) 
ʉʢʦʨʠʩʪʘʚʰʠʩʴ ʦʮʽʥʢʘʤʠ (52) ʽ (53), ʤʦʞʥʘ ʧʦʢʘʟʘʪʠ, ʱʦ ʥʘ ʜʦʚʽʣʴʥʦʤʫ 

ʢʦʤʧʘʢʪʽ ʚʽʜʨʽʟʢʘ I , ʷʢʠʡ ʥʝ ʤʽʩʪʠʪʴ ʪʦʯʦʢ 0=x  ʽ ax =  ʩʧʨʘʚʝʜʣʠʚʘ ʦʮʽʥʢʘ 

lim ( , ) ( )
e

e w
­ +

=
0
W x x ,                                                                      (54) 

ʜʝ w( )x  ï ʨʦʟʚ'ʷʟʦʢ ʚʠʨʦʜʞʝʥʦʛʦ ʚʝʢʪʦʨʥʦʛʦ ʨʽʚʥʷʥʥʷ (3). 
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ʉʬʦʨʤʫʣʶʻʤʦ ʫ ʚʠʛʣʷʜʽ ʟʘʛʘʣʴʥʦʾ ʪʝʦʨʝʤʠ ʦʪʨʠʤʘʥʽ ʨʝʟʫʣʴʪʘʪʠ. 
ʊʝʦʨʝʤʘ 3. ʅʝʭʘʡ:  1) ʜʣʷ ʉɿɿ (1) ʚʠʢʦʥʫʶʪʴʩʷ ʋʤʦʚʠ 10 ʽ 20; 

2)  ʣʽʥʽʡʥʠʡ ʦʧʝʨʘʪʦʨ ɸ ʝʢʚʽʚʘʣʝʥʪʥʠʡ ʢʘʥʦʥʽʯʥʽʡ ʤʘʪʨʠʮʽ (4).  
3) det ~ (( ) ) , ,B k a k2 1 0 1 2- ¸ =   ʽ detD1 0¸ . 

ʊʦʜʽ ʜʣʷ ʜʦʩʠʪʴ ʤʘʣʠʭ ʟʥʘʯʝʥʴ ʧʘʨʘʤʝʪʨʘ e > 0: 
1) ʦʧʠʩʘʥʠʤ ʚʠʱʝ ʤʝʪʦʜʦʤ ʜʣʷ ʨʦʟʚ'ʷʟʢʫ ʨʦʟʰʠʨʝʥʦʾ ʟʘʜʘʯʽ (8) ʚ ʇɹʈ (12) 
ʤʦʞʝ ʙʫʪʠ ʧʦʙʫʜʦʚʘʥʠʡ ʻʜʠʥʠʡ  ʬʦʨʤʘʣʴʥʠʡ ʨʷʜ (18); 
2) ʟʚʫʞʝʥʥʷ ʬʦʨʤʘʣʴʥʦʛʦ ʨʷʜʫ (17) ʧʨʠ ),( eF= xt  ʻ ʘʩʠʤʧʪʦʪʠʯʥʠʤ 
ʨʷʜʦʤ  ʨʦʟʚ'ʷʟʢʫ ʉɿɿ (1);  
3) ʟʘʣʠʰʢʦʚʠʡ ʯʣʝʥ ʘʩʠʤʧʪʦʪʠʢʠ ʨʦʟʚ'ʷʟʢʫ ʉɿɿ (1) ʤʘʻ ʦʮʽʥʢʠ, ʟʦʙʨʘʞʝʥʽ 

ʩʧʽʚʚʽʜʥʦʰʝʥʷʤʠ (52) ʽ (53); 
4) ʥʘ ʜʦʚʽʣʴʥʦʤʫ ʢʦʤʧʘʢʪʽ ʚʽʜʨʽʟʢʘ I , ʷʢʠʡ ʥʝ ʤʽʩʪʠʪʴ ʪʦʯʦʢ 0=x  ʽ 

ax =  ʩʧʨʘʚʝʜʣʠʚʘ ʛʨʘʥʠʯʥʘ ʨʽʚʥʽʩʪʴ (54). 
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ʋɼʂ 515.1 

´¨±¾Î½Ď¡±º´Ï¨ ´ ÏºÞ¸¨ ¼¡®±¨Ď ¾ºªº½º¾¨¯ ±© 
Ï¡®²ª®¡±¦²  ª±º¾ºº°¡©¼¨Ď² 

®.¯.¡ĒđĉĆĔğ  
ʈʘʩʩʤʘʪʨʠʚʘʶʪʩʷ ʢʨʠʪʠʯʝʩʢʠʝ ʪʦʯʢʠ ʛʣʘʜʢʠʭ ʬʫʥʢʮʠʡ ʥʘ ʤʥʦʛʦʦʙʨʘʟʠʷʭ ʩ ʪʦʯʢʠ 

ʟʨʝʥʠʷ ʪʝʦʨʠʠ ʛʦʤʦʣʦʛʠʡ ʠ ʜʦʧʦʣʥʷʶʪʩʷ ʠʟʚʝʩʪʥʳʝ ʠʥʚʘʨʠʘʥʪʳ ï ʨʘʥʛʠ 
ʦʪʥʦʩʠʪʝʣʴʥʳʭ ʛʨʫʧʧ ʛʦʤʦʣʦʛʠʡ. 

We describe the ranks of homology groups of conic critical points on 3-deminsional 
manifolds. 
ʊʝʦʨʠʷ ʦʩʦʙʝʥʥʦʩʪʝʡ ʛʣʘʜʢʠʭ ʬʫʥʢʮʠʡ ʠʤʝʝʪ ʦʙʰʠʨʥʫʶ ʦʙʣʘʩʪʴ 

ʧʨʠʣʦʞʝʥʠʷ ʚ ʨʘʟʣʠʯʥʳʭ ʥʘʧʨʘʚʣʝʥʠʷʭ ʥʘʫʢʠ, ʪʝʭʥʠʢʠ, ʵʢʦʥʦʤʠʢʠ: ʚ ʪʝʦʨʠʠ 
ʫʧʨʫʛʠʭ ʢʦʥʩʪʨʫʢʮʠʡ, ʦʧʪʠʢʝ, ʪʝʨʤʦʜʠʥʘʤʠʢʝ, ʣʘʟʝʨʥʦʡ ʬʠʟʠʢʝ, ʙʠʦʣʦʛʠʠ, 
ʤʦʜʝʣʠʨʦʚʘʥʠʠ ʵʢʦʥʦʤʠʯʝʩʢʠʭ ʧʨʦʮʝʩʩʦʚ. ʇʦʵʪʦʤʫ ʥʘʠʙʦʣʝʝ ʧʦʣʥʘʷ 
ʭʘʨʘʢʪʝʨʠʩʪʠʢʘ ʵʪʠʭ ʦʩʦʙʝʥʥʦʩʪʝʡ, ʘ ʪʘʢʞʝ ʠʭ ʚʟʘʠʤʦʩʚʷʟʴ ʩʦ ʩʪʨʫʢʪʫʨʦʡ 
ʤʥʦʞʝʩʪʚ ʠ ʭʘʨʘʢʪʝʨʦʤ ʬʫʥʢʮʠʡ, ʟʘʜʘʥʥʳʭ ʥʘ ʥʠʭ, ʷʚʣʷʝʪʩʷ ʚʘʞʥʦʡ ʟʘʜʘʯʝʡ. 

ʈʘʟʣʠʯʥʳʝ ʘʩʧʝʢʪʳ ʪʝʦʨʠʠ ʦʩʦʙʝʥʥʦʩʪʝʡ ʬʫʥʢʮʠʡ ʥʘ ʤʥʦʛʦʦʙʨʘʟʠʷʭ 
ʨʘʩʩʤʘʪʨʠʚʘʶʪʩʷ ʚ ʩʦʚʨʝʤʝʥʥʦʡ ʤʘʪʝʤʘʪʠʢʝ (ʩʤ., ʥʘʧʨ., [1]). ʄʳ ʨʘʩʩʤʦʪʨʠʤ 
ʢʨʠʪʠʯʝʩʢʠʝ ʪʦʯʢʠ ʛʣʘʜʢʠʭ ʬʫʥʢʮʠʡ ʥʘ ʤʥʦʛʦʦʙʨʘʟʠʷʭ ʩ ʪʦʯʢʠ ʟʨʝʥʠʷ ʪʝʦʨʠʠ 
ʛʦʤʦʣʦʛʠʡ, ʜʦʧʦʣʥʠʚ ʠʟʚʝʩʪʥʳʝ ʠʥʚʘʨʠʘʥʪʳ ï ʨʘʥʛʠ ʦʪʥʦʩʠʪʝʣʴʥʳʭ ʛʨʫʧʧ 
ʛʦʤʦʣʦʛʠʡ. ʅʘʧʦʤʥʠʤ ([2],[3]) ʥʝʢʦʪʦʨʳʝ ʦʧʨʝʜʝʣʝʥʠʷ.  

ʊʦʯʢʘ p  n-ʤʝʨʥʦʛʦ ʛʣʘʜʢʦʛʦ ʤʥʦʛʦʦʙʨʘʟʠʷ ʄ ʥʘʟʳʚʘʝʪʩʷ ʢʦʥʠʯʝʩʢʦʡ 
ʪʦʯʢʦʡ ʛʣʘʜʢʦʡ ʬʫʥʢʮʠʠ ¥, ʟʘʜʘʥʥʦʡ ʥʘ ʄ, ʝʩʣʠ ʚ ʥʝʢʦʪʦʨʦʡ ʦʢʨʝʩʪʥʦʩʪʠ 
UËM ʪʦʯʢʠ  ʨ  ʧʨʦʦʙʨʘʟ ¥(p) ʚ U ʛʦʤʝʦʤʦʨʬʝʥ ʢʦʥʫʩʫ ʩ ʚʝʨʰʠʥʦʡ ʚ ʪʦʯʢʝ  ʨ 
ʥʘʜ ʥʝʩʚʷʟʥʳʤ ʦʙʲʝʜʠʥʝʥʠʝʤ (n-2)-ʤʝʨʥʳʭ ʩʚʷʟʥʳʭ ʤʥʦʛʦʦʙʨʘʟʠʡ Li  ʙʝʟ 
ʢʨʘʷ: 

¥ -1 (¥( p)) Æ U = Con(p,êúLi). 

ʅʘ ʩʬʝʨʝ, ʦʛʨʘʥʠʯʠʚʘʶʱʝʡ ʰʘʨʦʚʫʶ ʦʢʨʝʩʪʥʦʩʪʴ ʚ U ʪʦʯʢʠ ʨ, ʢʦʥʫʩ 
ʦʪʩʝʢʘʝʪ ʪʘʢ ʥʘʟʳʚʘʝʤʦʝ ñʧʨʠʢʣʝʠʚʘʝʤʦʝò ʤʥʦʞʝʩʪʚʦ ï ʥʝʩʚʷʟʥʦʝ 
ʦʙʲʝʜʠʥʝʥʠʝ (n-1)-ʤʝʨʥʳʭ ʤʥʦʛʦʦʙʨʘʟʠʡ, ʦʛʨʘʥʠʯʝʥʥʳʭ Li, ʜʣʷ ʢʦʪʦʨʦʛʦ  
ʟʥʘʯʝʥʠʷ ʬʫʥʢʮʠʠ  f  ʥʝ ʧʨʝʚʦʩʭʦʜʷʪ ʝʝ ʟʥʘʯʝʥʠʷ ʚ ʪʦʯʢʝ ʨ. 

ʇʫʩʪʴ {x}i  - ʤʥʦʞʝʩʪʚʦ ʠʟʦʣʠʨʦʚʘʥʥʳʭ ʢʨʠʪʠʯʝʩʢʠʭ ʢʦʥʠʯʝʩʢʠʭ ʪʦʯʝʢ 
ʬʫʥʢʮʠʠ   f: M­ R   ʥʘ ʧʦʚʝʨʭʥʦʩʪʠ ʫʨʦʚʥʷ f-1(c) ʤʥʦʛʦʦʙʨʘʟʠʷ M. ʅʘ 
ʤʥʦʞʝʩʪʚʝ   Mc = {xʻM: f(x)Òc} ʨʘʩʩʤʦʪʨʠʤ  ʦʪʥʦʩʠʪʝʣʴʥʳʝ ʛʨʫʧʧʳ 
ʛʦʤʦʣʦʛʠʡ 

Hk(Mc,Mc \{x}i).  
ɺ ʩʠʣʫ ʠʟʦʣʠʨʦʚʘʥʥʦʩʪʠ ʢʨʠʪʠʯʝʩʢʠʭ ʪʦʯʝʢ ʧʦʜ ʛʨʫʧʧʦʡ  Hk(Mc,Mc\{x}i) 

ʙʫʜʝʤ ʧʦʥʠʤʘʪʴ ʛʨʫʧʧʫ 
Hk(Mc,Mc\U{x}i), 

ʛʜʝ  U{x}i  - ʤʥʦʞʝʩʪʚʦ ʜʦʩʪʘʪʦʯʥʦ ʤʘʣʳʭ ʦʢʨʝʩʪʥʦʩʪʝʡ ʪʦʯʝʢ  {x}i. 
ʈʘʩʩʤʦʪʨʠʤ ʮʝʣʳʝ ʯʠʩʣʘ  ɓk(Mc,Mc\{x}i), ʛʜʝ  ɓk(X,Y)=dim Hk(X,Y)  (ʥʘʜ 
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ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʤ ʧʦʣʝʤ) ï ʪʘʢ ʥʘʟʳʚʘʝʤʳʝ ʯʠʩʣʘ ɹʝʪʪʠ ʧʘʨʳ (X,Y). ɽʩʣʠ ʥʘ 
ʧʦʚʝʨʭʥʦʩʪʠ ʫʨʦʚʥʷ f-1(c) ʨʘʩʧʦʣʦʞʝʥʘ ʝʜʠʥʩʪʚʝʥʥʘʷ ʢʨʠʪʠʯʝʩʢʘʷ ʪʦʯʢʘ x, ʪʦ 
ʯʠʩʣʘ  ɓk(Mc,Mc\x) ʤʦʛʫʪ ʩʣʫʞʠʪʴ ʭʘʨʘʢʪʝʨʠʩʪʠʢʦʡ ʵʪʦʡ ʢʨʠʪʠʯʝʩʢʦʡ ʪʦʯʢʠ. 
ɿʘʤʝʪʠʤ, ʯʪʦ ʨʘʥʛʠ ʦʪʥʦʩʠʪʝʣʴʥʳʭ ʛʨʫʧʧ ʛʦʤʦʣʦʛʠʡ ʥʝ ʤʦʛʫʪ ʧʦʣʥʦʩʪʴʶ 
ʭʘʨʘʢʪʝʨʠʟʦʚʘʪʴ ʢʨʠʪʠʯʝʩʢʫʶ ʪʦʯʢʫ, ʥʦ ʩ ʥʝʢʦʪʦʨʦʡ ʜʦʧʦʣʥʠʪʝʣʴʥʦʡ 
ʠʥʬʦʨʤʘʮʠʝʡ ʦ ʢʨʠʪʠʯʝʩʢʦʡ ʪʦʯʢʝ ʦʥʠ ʤʦʛʫʪ ʩʣʫʞʠʪʴ ʝʝ ʭʘʨʘʢʪʝʨʠʩʪʠʢʦʡ. 

ʋʪʚʝʨʞʜʝʥʠʝ. ʅʘ ʛʣʘʜʢʦʤ ʢʦʤʧʘʢʪʥʦʤ ʩʚʷʟʥʦʤ ʪʨʝʭʤʝʨʥʦʤ 
ʤʥʦʛʦʦʙʨʘʟʠʠ ʄ ʩʫʱʝʩʪʚʫʝʪ ʛʣʘʜʢʘʷ ʬʫʥʢʮʠʷ f:MŸR, ʠʤʝʶʱʘʷ ʯʝʪʳʨʝ  
ʢʦʥʠʯʝʩʢʠʭ ʢʨʠʪʠʯʝʩʢʠʭ ʪʦʯʢʠ: ʪʦʯʢʫ ʤʠʥʠʤʫʤʘ, ʪʦʯʢʫ ʤʘʢʩʠʤʫʤʘ, 
ʢʨʠʪʠʯʝʩʢʫʶ ʪʦʯʢʫ, ʜʣʷ ʢʦʪʦʨʦʡ ɓ1=m, ɓ2=0, ñʧʨʠʢʣʝʠʚʘʝʤʦʝò ʤʥʦʞʝʩʪʚʦ ï 
ʥʝʩʚʷʟʥʦʝ ʦʙʲʝʜʠʥʝʥʠʝ m+1 ʜʚʫʤʝʨʥʦʛʦ ʜʠʩʢʘ ʠ ʢʨʠʪʠʯʝʩʢʫʶ ʪʦʯʢʫ, ʜʣʷ 
ʢʦʪʦʨʦʡ ɓ1=1, ɓ2=m, ñʧʨʠʢʣʝʠʚʘʝʤʦʝò ʤʥʦʞʝʩʪʚʦ ï ʟʘʤʳʢʘʥʠʝ ʜʚʫʤʝʨʥʦʡ 
ʩʬʝʨʳ ʙʝʟ ʥʝʩʚʷʟʥʦʛʦ ʦʙʲʝʜʠʥʝʥʠʷ m+1 ʜʚʫʤʝʨʥʦʛʦ ʜʠʩʢʘ (m ï ʥʝʢʦʪʦʨʘʷ 
ʢʦʥʩʪʘʥʪʘ). 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ ʦʩʥʦʚʘʥʦ ʥʘ ʧʨʝʦʙʨʘʟʦʚʘʥʠʠ ʬʫʥʢʮʠʠ, ʠʤʝʶʱʝʡ ʥʘ 
ʤʥʦʛʦʦʙʨʘʟʠʠ ʚ ʪʦʯʥʦʩʪʠ ʯʝʪʳʨʝ ʢʨʠʪʠʯʝʩʢʠʭ ʫʨʦʚʥʷ: ʤʠʥʠʤʫʤʘ, 
ʤʘʢʩʠʤʫʤʘ, ʩʦʜʝʨʞʘʱʝʛʦ ʪʦʣʴʢʦ ʢʨʠʪʠʯʝʩʢʠʝ ʪʦʯʢʠ ʠʥʜʝʢʩʘ ʦʜʠʥ ʠ 
ʩʦʜʝʨʞʘʱʝʛʦ ʢʨʠʪʠʯʝʩʢʠʝ ʪʦʯʢʠ ʠʥʜʝʢʩʘ ʜʚʘ, ʠ ʧʨʠʤʝʥʝʥʠʠ ʪʝʦʨʝʤʳ [2]. 
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¾.Ç. ¢ĒďðĒĈ 
ʀʟʫʯʘʝʪʩʷ ʩʝʤʝʡʩʪʚʦ ʘʨʠʬʤʝʪʠʯʝʩʢʠʭ ʨʘʩʧʨʝʜʝʣʝʥʠʡ, ʢʦʪʦʨʳʝ ʷʚʣʷʶʪʩʷ 

ʦʙʦʙʱʝʥʠʷʤʠ ʙʠʥʦʤʠʘʣʴʥʦʛʦ ʨʘʩʧʨʝʜʝʣʝʥʷ. ʇʦʣʫʯʝʥʳ ʘʩʠʤʧʪʦʪʠʯʝʩʢʠʝ ʬʦʨʤʫʣʳ 
ʜʣʷ ʤʘʪʝʤʘʪʠʯʝʩʢʦʛʦ ʦʞʠʜʘʥʠʷ ʠ ʜʠʩʧʝʨʩʠʠ. ʂʨʦʤʝ ʪʦʛʦ, ʥʘʡʜʝʥʳ ʥʘʠʙʦʣʝʝ 
ʚʝʨʦʷʪʥʳʝ ʟʥʘʯʝʥʠʷ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʡ ʩʣʫʯʘʡʥʦʡ ʚʝʣʠʯʠʥʳ. 

The family of arithmetical distributions, which the binomial distribution are a 
generalization,  is studied.  For the expectation and variance the asymptotic formulas  are 
determine. Thereto, the most probable number  of corresponding random variable are 
found. 

ʇʨʦʚʦʜʠʪʴʩʷ n ʥʝʟʘʣʝʞʥʠʭ ʚʠʧʨʦʙʫʚʘʥʴ ɹʝʨʥʫʣʣʽ ʟ ʽʤʦʚʽʨʥʽʩʪʶ ʫʩʧʽʭʫ p. 
ʁʤʦʚʽʨʥʽʩʪʴ pk ʪʦʛʦ, ʱʦ ʧʨʠ ʪʘʢʦʤʫ ʝʢʩʧʝʨʠʤʝʥʪʽ ʦʪʨʠʤʘʻʤʦ ʨʽʚʥʦ k ʫʩʧʽʭʽʚ 
ʟʘ ʫʤʦʚʠ, ʱʦ ʟʘ ʢʦʞʥʠʤ ʫʩʧʽʭʦʤ ʩʣʽʜʫʻ ʧʨʠʥʘʡʤʥʽ m (m²0) ʥʝʚʜʘʯ ʤʦʞʥʘ 
ʟʥʘʡʪʠ ʟʘ ʬʦʨʤʫʣʦʶ: 
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qpCp  , k=0, 1, 2,é, [n/(m+1)], p+q=1. (1) 

ʗʢʱʦ m=0, ʪʦ ʮʝ ʟʚʠʯʘʡʥʠʡ ʙʽʥʦʤʽʘʣʴʥʠʡ ʨʦʟʧʦʜʽʣ ʟ ʧʘʨʘʤʝʪʨʘʤʠ (n, p). 
ʈʦʟʧʦʜʽʣʠ, ʷʢʽ ʚʠʟʥʘʯʘʶʪʴʩʷ ʟʘ ʜʦʧʦʤʦʛʦʶ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ (1), ʯʘʩʪʠʥʥʽ 

ʚʠʧʘʜʢʠ ʘʨʠʬʤʝʪʠʯʥʠʭ (a, b, m, n)-ʨʦʟʧʦʜʽʣʽʚ. 
ʆʟʥʘʯʝʥʥʷ. ɺʠʧʘʜʢʦʚʘ ʚʝʣʠʯʠʥʘ x ʤʘʻ ʨʦʟʧʦʜʽʣ ʌʽʙʦʥʘʯʯʽ ʟ 

ʧʘʨʘʤʝʪʨʘʤʠ (a, b, m, n), ʷʢʱʦ ʚʦʥʘ ʧʨʠʡʤʘʻ ʟʥʘʯʝʥʥʷ k=0, 1, 2, é, [n/(m+1)] ʟ 
ʡʤʦʚʽʨʥʦʩʪʷʤʠ 
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a, b ʜʦʚʽʣʴʥʽ ʜʦʜʘʪʥʽ ʯʠʩʣʘ, m, n ï ʥʘʪʫʨʘʣʴʥʽ. 
ʗʢʱʦ ʚ (2) ʧʦʢʣʘʩʪʠ a=1, b=p/q, ʪʦ ʦʪʨʠʤʘʻʤʦ (1), ʘ ʫ ʚʠʧʘʜʢʫ m=1, 

a=b=1, ʦʪʨʠʤʘʻʤʦ ʨʦʟʧʦʜʽʣ, ʷʢʠʡ ʚʠʚʯʘʚ ʇ.ʌʽʣʽʧʧʦʥʽ, [1]. 
ʄʝʪʦʶ ʜʘʥʦʾ ʨʦʙʦʪʠ ʻ ʜʦʩʣʽʜʞʝʥʥʷ ʨʦʟʧʦʜʽʣiʚ ʌʽʙʦʥʘʯʯʽ, ʷʢ ʪʦ: 

ʜʦʩʣʽʜʠʪʠ ʧʦʚʝʜʽʥʢʫ Mx ʧʨʠ ¤­n , ʜʦʩʣʽʜʠʪʠ ʧʦʚʝʜʽʥʢʫ  Dx ʧʨʠ ¤­n , 
ʟʥʘʪʠ ʥʘʡʙʽʣʴʰ ʡʤʦʚʽʨʥʝ ʟʥʘʯʥʥʷ ʚʠʧʘʜʢʦʚʦʾ ʚʝʣʠʯʠʥʠ x. 
ʃʝʤʘ 1. ʏʠʩʣʘ 
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ʟʘʜʦʚʦʣʴʥʷʶʪʴ ʨʝʢʫʨʝʥʪʥʝ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ 
 un+m+1=aun+m + bun, u0=1, u1=a, é, um=am. (4) 
ʉʧʽʚʚʽʜʥʦʰʝʥʥʷ (4) ʚʠʧʣʠʚʘʻ ʟ ʪʘʢʦʾ ʪʦʪʦʞʥʦʩʪʽ: 
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ɼʘʣʽ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠʤʝʤʦ ʭʘʨʘʢʪʝʨʠʩʪʠʯʥʝ ʨʽʚʥʷʥʥʷ ʜʣʷ ʨʝʢʫʨʝʥʪʥʦʛʦ 
ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ (4):  

 zm+1=azm + b  (5) 
ʃʝʤʘ 2. ʈʽʚʥʷʥʥʷ (5) ʤʘʻ ʻʜʠʥʠʡ ʜʦʜʘʪʥʠʡ ʢʦʨʝʥʴ a< l<a+2. ɺʩʽ ʽʥʰʽ 

ʢʦʨʝʥʽ  ʮʴʦʛʦ ʨʽʚʥʷʥʥʷ l1, l2, é, lm ʧʦ ʤʦʜʫʣʶ ʩʪʨʦʛʦ ʤʝʥʰʽ, ʥʽʞ l. 
ɼʦʚʝʜʝʥʥʷ. ʅʘ ʧʨʦʤʽʞʢʫ [a,¤] ʬʫʥʢʮʽʷ f(z):=zm+1-azm ï b ʩʪʨʦʛʦ 

ʤʦʥʦʪʦʥʥʦ ʟʨʦʩʪʘʻ (fȭ(z)= (m+1)zm-mazmï1= zmï1((m+1)zïma)>0), ʚ ʪʦʯʮʽ ʘ  
f(a)=īb<0, ʘ ʜʣʷ ʜʦʩʠʪʴ ʚʝʣʠʢʠʭ z f(z)>0, ʪʦʤʫ ʽʩʥʫʻ ʻʜʠʥʝ l, ʜʝ f(l)=0. 

ɼʘʣʽ ʧʝʨʝʧʠʰʝʤʦ ʨʽʚʥʷʥʥʷ (5) ʪʘʢ: 

1
1

+
+ =- m

mm bwaw
ll

, ʜʝ w=z/ɚ. ɿʚʽʜʩʠ 1+=- m
m baww

ll
. ʇʨʠʧʫʩʪʠʤʦ, ʱʦ ʽʩʥʫʻ 

ʢʦʨʽʥʴ w0Í1 ʽ 10 ²w . ʊʦʜʽ 
llll
aawbaww m

m ->-²=- + 10100 , ʘʣʝ 
ll
ab

m -=+ 11 , 

ʙʦ ɚ ʢʦʨʽʥʴ ʨʽʚʥʷʥʥʷ (5), ʧʨʠʡʰʣʠ ʜʦ ʧʨʦʪʠʨʽʯʯʷ. ʆʪʞʝ, l<Ú< 00 1 zw , z0 
ʣʶʙʠʡ ʢʦʨʽʥʴ ʨʽʚʥʷʥʥʷ (5), ʷʢʠʡ ʥʝ ʜʦʨʽʚʥʶʻ ɚ. 
ʃʝʤʘ 3. ʄʘʻ ʤʽʩʮʝ ʨʽʚʥʽʩʪʴ: 

 un(a,b)=Cɚn + C1ɚ1
n+ é+Cmɚm

n, (6) 
ʜʝ ʩʪʘʣʽ C, C1 ,é, Cm ʟʥʘʭʦʜʷʪʴʩʷ ʟ ʧʦʯʘʪʢʦʚʠʭ ʫʤʦʚ ʨʝʢʫʨʝʥʪʥʦʛʦ 
ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ (4). 

ʈʽʚʥʽʩʪʴ (6) ʚʠʧʣʠʚʘʻ ʟ ʪʦʛʦ, ʱʦ ʨʝʢʫʨʝʥʪʥʝ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ (4) ï ʣʽʥʽʡʥʝ 
ʦʜʥʦʨʽʜʥʝ ʟ ʧʦʩʪʽʡʥʠʤʠ ʢʦʝʬʽʮʽʻʥʪʘʤʠ. 

ʅʝʚʘʞʢʦ ʧʦʢʘʟʘʪʠ, ʱʦ, ʥʘʧʨʠʢʣʘʜ, ä
= -

-
=

m

k k

ka
C

1

lnln
ll
l . 

ɼʣʷ ʟʥʘʭʦʜʞʝʥʥʷ ʤʘʪʝʤʘʪʠʯʥʦʛʦ ʩʧʦʜʽʚʘʥʥʷ ʽ ʜʠʩʧʝʨʩʽʾ ʜʦʩʣʽʜʞʫʚʘʥʦʛʦ 
ʨʦʟʧʦʜʽʣʫ ʩʢʦʨʠʩʪʘʻʤʦʩʴ ʛʝʥʝʨʘʪʨʠʩʦʶ ʨʦʟʧʦʜʽʣʫ. ʇʦʟʥʘʯʠʤʦ ʾʾ ʯʝʨʝʟ P(z), 

),(
),(

)(
bau
bzauzP

n

n= , Mɝ=Pȭ(1), Dɝ=Pě(1)+Pȭ(1) ï(Pȭ(1))2.   (7) 

ɼʣʷ ʟʥʘʭʦʜʞʝʥʥʷ ʚʽʜʧʦʚʽʜʥʠʭ ʧʦʭʽʜʥʠʭ ʩʧʦʯʘʪʢʫ ʟʥʘʡʜʝʤʦ ʧʦʭʽʜʥʽ ʧʦ z 
ʚʽʜ ʬʫʥʢʮʽʡ un(a,bz). ʎʽ ʬʫʥʢʮʽʾ ʟʘʜʦʚʦʣʴʥʷʶʪʴ ʨʝʢʫʨʝʥʪʥʝ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ 

 un+m+1(a,bz)=aun+m(a,bz) + bun(a,bz), u0=1, u1=a, é, um=am. (8) 
ʍʘʨʘʢʪʝʨʠʩʪʠʯʥʝ ʨʽʚʥʷʥʥʷ ʜʣʷ ʮʴʦʛʦ ʨʝʢʫʨʝʥʪʥʦʛʦ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ 
 wm+1=awm+ bz. (9) 
ʅʝʭʘʡ ɚ(z), ɚ1(z), é, ɚm(z) ʨʦʟʚôʷʟʢʠ ʨʽʚʥʷʥʥʷ (9) . ʊʦʜʽ 
 ɚ(1)=ɚ, ɚ1(1)=ɚ1, é, ɚm(1)=ɚm (10) 
 
 un(a,bz)=C(z)(ɚ(z))n+C1(z)(ɚ1(z))n+é+Cm(z)(ɚm(z))n, (11) 
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ʬʫʥʢʮʽʾ C(z), C1(z),é, Cm(z) ʤʦʞʥʘ ʟʥʘʡʪʠ ʟ ʧʦʯʘʪʢʦʚʠʭ ʫʤʦʚ (8), ʘ C(1)=C, 

C1(1)=C1,é, Cm(1)=Cm. ʅʘʧʨʠʢʣʘʜ, ä
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ɹʫʜʝʤʦ ʢʦʨʠʩʪʫʚʘʪʠʩʴ ʧʦʟʥʘʯʝʥʥʷʤʠ: Cȭ=Cȭ(1), C1ȭ=C1ȭ(1), é, 
Cmȭ=Cmȭ(1) ʽ ʘʥʘʣʦʛʽʯʥʠʤʠ ʧʦʟʥʘʯʝʥʥʷʤʠ ʜʣʷ ʜʨʫʛʠʭ ʧʦʭʽʜʥʠʭ. 
ʊʝʦʨʝʤʘ 1. ʄʘʶʪʴ ʤʽʩʮʝ ʘʩʠʤʧʪʦʪʠʯʥʽ ʨʽʚʥʦʩʪʽ: 
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ʜʝ ʩʪʘʣʽ CM ʽ CD ʤʦʞʥʘ ʚʠʨʘʟʠʪʠ ʯʝʨʝʟ ʢʦʨʝʥʽ ʨʽʚʥʷʥʥʷ (5) (ʜʠʚ. ʜʘʣʽ). 
ɼʦʚʝʜʝʥʥʷ. ʉʧʦʯʘʪʢʫ ʟʥʘʡʜʝʤʦ ʧʦʭʽʜʥʽ ʧʦ z ʚʽʜ ʨʦʟʚôʷʟʢʽʚ ʨʽʚʥʷʥʥʷ (9), 

ʢʦʨʠʩʪʫʶʯʠʩʴ ʮʠʤ ʨʽʚʥʷʥʥʷʤ, ʦʪʨʠʤʘʻʤʦ 
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ɸʥʘʣʦʛʽʯʥʽ ʬʦʨʤʫʣʠ ʤʘʶʪʴ ʤʽʩʮʝ ʽ ʜʣʷ ʬʫʥʢʮʽʡ ɚk(z), k=1,2,é, m. 
ʂʦʨʠʩʪʫʶʯʠʩʴ (11), ʟʥʘʭʦʜʠʤʦ 
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ʧʨʠ ¤­n , ʙʦ ¤­­ö
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n
k ,0
l
l , k=1, 2,é, m ʟʘ ʣʝʤʦʶ 2.  

ʗʢʱʦ ʩʢʦʨʠʩʪʘʪʠʩʴ (14), ʪʦ ʤʘʪʠʤʝʤʦ 
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ʱʦ ʜʦʚʦʜʠʪʴ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ (12) ʪʝʦʨʝʤʠ. 
ɿ ʚʠʨʘʟʫ ʜʣʷ lnC(z) ʚʠʧʣʠʚʘʻ 
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ʘ ʟʘ ʬʦʨʤʫʣʘʤʠ (14) ʮʶ ʩʪʘʣʫ ʤʦʞʥʘ ʚʠʨʘʟʠʪʠ ʯʝʨʝʟ ʢʦʨʝʥʽ 
ʭʘʨʘʢʪʝʨʠʩʪʠʯʥʦʛʦ ʨʽʚʥʷʥʥʷ (5). 

ʇʦʜʽʙʥʦ ʜʦ ʧʦʧʝʨʝʜʥʴʦʛʦ, ʟʥʘʡʜʝʤʦ 
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ʗʢʱʦ ʩʢʦʨʠʩʪʘʪʠʩʴ (7), (14), (15) ʽ (17), ʪʦ 
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ʱʦ ʜʦʚʦʜʠʪʴ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ (13) ʪʝʦʨʝʤʠ. 
ɿ ʚʠʨʘʟʫ ʜʣʷ lnC(z) ʚʠʧʣʠʚʘʻ 
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ʘ ʟʘ ʬʦʨʤʫʣʘʤʠ (14) ʽ (16) ʮʶ ʩʪʘʣʫ ʤʦʞʥʘ ʚʠʨʘʟʠʪʠ ʯʝʨʝʟ ʢʦʨʝʥʽ 
ʭʘʨʘʢʪʝʨʠʩʪʠʯʥʦʛʦ ʨʽʚʥʷʥʥʷ (5). 

ʅʘʩʣʽʜʦʢ 1. ʄʘʶʪʴ ʤʽʩʮʝ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ: 
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ʗʢʱʦ ʚ ʩʧʽʚʚʽʜʥʦʰʝʥʥʽ (22) ʚʟʷʪʠ m=1, a=b=1, ʪʦ ʦʪʨʠʤʘʻʤʦ ʨʝʟʫʣʴʪʘʪ 
ʌʽʣʽʧʧʦʥʽ [1, Theorem 4, P.338]. 

ʅʘʩʣʽʜʦʢ 2. ʅʝʭʘʡ ʨʦʟʧʦʜʽʣ ʚʠʧʘʜʢʦʚʦʾ ʚʝʣʠʯʠʥʠ ʟʘʜʘʻʪʴʩʷ 
ʩʧʽʚʚʽʜʥʦʰʝʥʥʷʤʠ (1). ʊʦʜʽ 
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ʜʝ ɚ ʜʦʜʘʪʥʠʡ ʢʦʨʽʥʴ ʨʽʚʥʷʥʥʷ qɚm+1=qɚm+p. 
ʅʘʩʣʽʜʦʢ 3. ʅʝʭʘʡ m=1. ʊʦʜʽ 
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ɼʣʷ ʟʥʘʭʦʜʞʝʥʥʷ ʥʘʡʙʽʣʴʰ ʡʤʦʚʽʨʥʦʛʦ ʟʥʘʯʝʥʥʷ ʚʠʧʘʜʢʦʚʦʾ ʚʝʣʠʯʠʥʠ 
ɝ ʤʦʞʥʘ ʜʽʷʪʠ ʧʦʜʽʙʥʦ ʪʦʤʫ, ʷʢ ʮʝ ʨʦʙʠʪʴʩʷ ʫ ʚʠʧʘʜʢʫ ʙʽʥʦʤʽʘʣʴʥʦʛʦ 
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ʨʦʟʧʦʜʽʣʫ, ʪʦʙʪʦ, ʧʦʪʨʽʙʥʦ ʨʦʟʚôʷʟʘʪʠ ʥʝʨʽʚʥʽʩʪʴ 11 ²+

k

k

p
p  ʚʽʜʥʦʩʥʦ k. 

ʆʙʤʝʞʠʤʦʩʷ ʚʠʧʘʜʢʦʤ m=1.  
ʊʝʦʨʝʤʘ 2. ʅʝʭʘʡ  
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ʊʦʜʽ ʥʘʡʙʽʣʴʰ ʡʤʦʚʽʨʥʠʤʠ ʟʥʘʯʝʥʥʷʤʠ ʚʠʧʘʜʢʦʚʦʾ ʚʝʣʠʯʠʥʠ ɝ ʙʫʜʫʪʴ 
ʯʠʩʣʘ [ɛ] (ʮʽʣʘ ʯʘʩʪʠʥʘ ʯʠʩʣʘ ɛ), ʷʢʱʦ ɛ ʥʝʮʽʣʝ, ʽ ɛ ʪʘ ɛ+1, ʷʢʱʦ ɛ ʮʽʣʝ. 
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ɺʽʜʧʦʚʽʜʥʠʡ ʢʚʘʜʨʘʪʥʠʡ ʪʨʠʯʣʝʥ ʤʘʻ ʪʘʢʽ ʢʦʨʝʥʽ: 
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ʪʝʦʨʝʤʠ, ʙʦ ùú
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ʗʢʱʦ ʧʘʨʘʤʝʪʨʠ a ʪʘ b ʥʘʪʫʨʘʣʴʥʽ, ʪʦ ʤʦʞʥʘ ʟʘʡʤʘʪʠʩʴ ʧʦʰʫʢʘʤʠ ʪʘʢʠʭ 
n, ʜʣʷ ʷʢʠʭ ɛ ʮʽʣʝ. ʋ ʚʠʧʘʜʢʫ a=b=1 ʚʽʜʦʤʦ: ɛ ʮʽʣʝ ʪʦʜʽ ʽ ʪʽʣʴʢʠ ʪʦʜʽ, ʢʦʣʠ 
n=F4s, s=1,2,é, Fr ï rïʪʝ ʯʠʩʣʦ ʌʽʙʦʥʘʯʯʽ [1, Theorem 6, P.340]. ʋ ʚʠʧʘʜʢʫ 
ʜʦʚʽʣʴʥʠʭ ʥʘʪʫʨʘʣʴʥʠʭ a ʪʘ b ʧʦʪʨʽʙʥʦ ʨʦʟʚôʷʟʫʚʘʪʠ ʨʽʚʥʷʥʥʷ :  

 x2=Ay2+4b2  , A=a2(a2+4b). (25) 
ʈʦʟʛʣʷʥʝʤʦ ʚʠʧʘʜʢʠ. 

1). ʗʢʱʦ A ʧʦʚʥʠʡ ʢʚʘʜʨʘʪ, ʪʦ ʰʫʢʘʻʤʦ ʨʦʟʚôʷʟʢʠ ʩʝʨʝʜ ʧʽʬʘʛʦʨʦʚʠʭ 
ʪʨʽʡʦʢ. 

2). ʅʝʭʘʡ A ʥʝ ʻ ʧʦʚʥʠʤ ʢʚʘʜʨʘʪʦʤ ʽ b=1. ʊʦʜʽ ʨʽʚʥʷʥʥʷ (25) ʨʽʚʥʦʩʠʣʴʥʝ 
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ʘ ʪʦʤʫ (ʜʠʚ., ʥʘʧʨʠʢʣʘʜ, [2]) ʤʦʞʥʘ ʦʪʨʠʤʘʪʠ ʥʝʩʢʽʥʯʝʥʥʫ ʤʥʦʞʠʥʫ 
ʨʦʟʚôʷʟʢʽʚ (xs, ys) ʨʽʚʥʷʥʥʷ (25) ʟʘ ʬʦʨʤʫʣʘʤʠ 
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ɼʘʣʽ n ʰʫʢʘʻʤʦ ʩʝʨʝʜ ʯʠʩʝʣ ysï1, ʘ ʷʢʱʦ ʚʨʘʭʫʚʘʪʠ ʪʘʢʫ ʚʣʘʩʪʠʚʽʩʪʴ ʯʠʩʝʣ u ʽ 

t: (a2+4)u2sï1īat2s=2t2sï1, ʪʦ 
aa

aat s

)4(
)3(

2

2
12

+
+-

= -m , s=1,2,3é .  

ʗʢʱʦ s ʧʘʨʥʝ, ʪʦ t2sï1īa(a2+3) ʜʽʣʠʪʴʩʷ ʥʘʮʽʣʦ ʥʘ a(a2+4).  
3). ʅʝʭʘʡ A ʥʝ ʻ ʧʦʚʥʠʤ ʢʚʘʜʨʘʪʦʤ ʽ b>1.ʊʦʜʽ ( ʜʠʚ. ,ʥʘʧʨʠʢʣʘʜ, [1]) 

ʤʦʞʥʘ ʢʦʨʠʩʪʫʚʘʪʠʩʴ ʪʘʢʦʶ ʤʥʦʞʠʥʦʶ ʨʦʟʚôʷʟʢʽʚ ʨʽʚʥʷʥʥʷ (25): 
ss

s AyxAbaAyxAbax ))(2(
2
1))(2(

2
1

00
2

00
2 --+++++= , 

ss
s AyxAba

A
AyxAba

A
y ))(2(

2
1))(2(

2
1

00
2

00
2 --+++++= , 

s=1,2,3é , ʜʝ (x0, y0) ʥʘʡʤʝʥʰʠʡ ʥʝʪʨʠʚʽʘʣʴʥʠʡ ʨʦʟʚôʷʟʦʢ ʨʽʚʥʷʥʥʷ ʇʝʣʣʷ 
x2=Ay2+1.  

ʇ ʨ ʠ ʢ ʣ ʘ ʜ ʠ .  
a 1 1 1 1 1 2 3 3 4 
b 1 3 4 9 10 1 1 3 1 
n 20 1908 104 300 8768 203 1308 114 5795 
ɛ 5 649 39 125 3699 29 109 19 365 

ɹɯɹʃɯʆɻʈɸʌɯʗ 
1. Piero Filipponi. A note on the representation of integeres as a sum of distinct Fibonacci 

numbers// The Fibonacci Quarterly.ï1986.ï24, ˉ4.ïP.332ï335. 
2. ɻʝʣʴʬʦʥʜ ɸ.ʆ. ʈʝʰʝʥʠʝ ʫʨʘʚʥʝʥʠʡ ʚ ʮʝʣʳʭ ʯʠʩʣʘʭ.ïʄ.:ʅʘʫʢʘ, 1978. 
 
 
ʂʽʨʦʚʦʛʨʘʜʩʴʢʠʡ ʜʝʨʞʘʚʥʠʡ ʧʝʜʘʛʦʛʽʯʥʠʡ  
ʫʥʽʚʝʨʩʠʪʝʪ ʽʤ. ɺ.ɺʠʥʥʠʯʝʥʢʘ    ʅʘʜʽʡʰʣʦ 18 ʪʨʘʚʥʷ 2004ʨ. 
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¯.­.¤ĊđčĕĊđðĒ  
ʇʦʙʫʜʦʚʘʥʦ ʘʥʘʣiʪʠʯʥʠʡ ʥʘʙʣʠʞʝʥʠʡ ʤʝʪʦʜ ʨʦʟʚôʷʟʫʚʘʥʥʷ ʟʘʜʘʯi ʂʦʰi ʜʣʷ 

ʣiʥiʡʥʠʭ ʜʠʬʝpʝʥʮiʘʣʴʥʠʭ piʚʥʷʥʴ ʧʦpʷʜʢʫ  k  ʟ ʤʥʦʛʦʯʣʝʥʥʠʤʠ ʢʦʝʬiʮiʝʥʪʘʤʠ -- 
ʃɼʋʄʂ. ɺʠʭiʜ ʤʝʪʦʜʫ ï ʤʥʦʛʦʯʣʝʥ. ʎʝʡ ʤʥʦʛʦʯʣʝʥ ʦʧʪʠʤʘʣʴʥʦ ʘʧʨʦʢʩʠʤʫʻ 
ʨʦʟʚôʷʟʦʢ ʟʘʜʘʯi ʂʦʰʠ ʜʣʷ ʃɼʋʄʂ i ʪʦʪʦʞʥʠʡ ʤʥʦʛʦʯʣʝʥʫ ʷʢʠʡ ʦʜʝʨʞʫʶʪʴ ʟʘ ʘ-
ʤʝʪʦʜʦʤ ɺ.ʂ.ɼʟʷʜʠʢʘ. ʇʦʙʫʜʦʚʘʥʠʡ ʤʝʪʦʜ ʥʝ ʤʘʻ ʥʘʡʙiʣʴʰ ʩʢʣʘʜʥʦʛʦ ʧʝpʝʪʚʦʨʝʥʥʷ 
ʘ-ʤʝʪʦʜʫ ɺ.ʂ.ɼʟʷʜʠʢʘ ï ʧʝpʝʪʚʦʨʝʥʥʷ ʟʘʜʘʯi ʂʦʰi ʚ iʥʪʝʛpʘʣʴʥʝ piʚʥʷʥʥʷ. ɿʘʩʦʙʘʤʠ 
ʩʠʩʪʝʤʠ ʘʣʛʝʙʨʘʾʯʥʦʛʦ ʧʨʦʛʨʘʤʫʚʘʥʥʷ APS ʤʝʪʦʜ ʧʝʨʝʪʚʦʨʝʥʦ ʚ ʦʙʯʠʩʣʶʚʘʣʴʥʫ 
ʧpʦʮʝʜʫpʫ ʥʘ ʤʦʚi ʧʨʦʛʨʘʤʫʚʘʥʥʷ APLAN. 

Analytic approximation method of solving initial-value problem for linear differential 
equations with polynomial coefficients (LDEPC) of order k is presented. Output of the 
method is a polynomial. This polynomial optimally approximates the solution of initial-
value problem for LDEPC and is identically equal to the polynomial computed by V.K. 
Dzyadyk a-method. The method presented does not contain the most complex 
transformation of V.K. Dzyadyk a-method - transformation of initial-value problem into 
the integral equation. The method is implemented by means of algebraic programming 
system in a computation procedure in APLAN programming language. 

1 ʇʨʦʙʣʝʤʘ 
ʃʠʥʝʡʥʳʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʝ ʫʨʘʚʥʝʥʠʷ ʧʦʨʷʜʢʘ   k 

 
 LDUMK := ( D[ y ] = 0 ) ;  D[ y ] = A * y(k) + . . . + C * y + G ; (1) 
 
ʛʜʝ ʢʦʵʬʬʠʮʠʝʥʪʳ  A , . . . , C , G   ʷʚʣʷʶʪʩʷ ʠʟʚʝʩʪʥʳʤʠ ʤʥʦʛʦʯʣʝʥʘʤʠ 
ʥʝʟʘʚʠʩʠʤʦʡ ʧʝʨʝʤʝʥʥʦʡ   x ,  y ï ʥʝʠʟʚʝʩʪʥʘʷ (ʠʩʢʦʤʘʷ) ʬʫʥʢʮʠʷ ʧʝʨʝʤʝʥʥʦʡ  
x  (ʃɼʋʄʂ), ʷʚʣʷʶʪʩʷ ʢʣʘʩʩʠʯʝʩʢʠʤ ʘʧʧʘʨʘʪʦʤ ʤʘʪʝʤʘʪʠʯʝʩʢʦʛʦ 
ʤʦʜʝʣʠʨʦʚʘʥʠʷ. ʃɼʋʄʂ ʦʧʨʝʜʝʣʷʶʪ ʦʩʥʦʚʥʫʶ ʯʘʩʪʴ ʵʣʝʤʝʥʪʘʨʥʳʭ ʬʫʥʢʮʠʡ 
ʠ ʩʧʝʮʠʘʣʴʥʳʭ ʬʫʥʢʮʠʡ ʤʘʪʝʤʘʪʠʯʝʩʢʦʡ ʬʠʟʠʢʠ (ʉʄʌ). ʈʝʰʝʥʠʝ ʫʨʘʚʥʝʥʠʡ 
ʵʪʦʛʦ ʪʠʧʘ ʚ ʚʠʜʝ ʢʦʥʝʯʥʦʡ ʢʦʤʧʦʟʠʮʠʠ ʵʣʝʤʝʥʪʘʨʥʳʭ ʬʫʥʢʮʠʡ ʠʣʠ ʚ 
ʢʚʘʜʨʘʪʫʨʘʭ ʫʜʘʝʪʩʷ ʥʘʡʪʠ ʪʦʣʴʢʦ ʜʣʷ ʦʯʝʥʴ ʫʟʢʦʛʦ ʧʦʜʢʣʘʩʩʘ  ʃɼʋʄʂ. 
ʇʦʵʪʦʤʫ ʚ ʩʚʷʟʠ ʩ ʧʦʪʨʝʙʥʦʩʪʷʤʠ ʧʨʘʢʪʠʢʠ ʧʦʩʪʦʷʥʥʦ ʨʘʟʨʘʙʘʪʳʚʘʣʠʩʴ 
ʤʝʪʦʜʳ ʧʨʠʙʣʠʞʝʥʥʦʛʦ ʨʝʰʝʥʠʷ ʃɼʋʄʂ (1). ʆʜʥʠʤ ʠʟ ʩʪʘʨʝʡʰʠʭ ʤʝʪʦʜʦʚ 
ʨʝʰʝʥʠʷ ʫʨʘʚʥʝʥʠʡ ʵʪʦʛʦ ʪʠʧʘ ʷʚʣʷʝʪʩʷ ʤʝʪʦʜ ʨʘʟʣʦʞʝʥʠʷ ʚ ʨʷʜ ʊʝʡʣʦʨʘ . 
ʉʦʛʣʘʩʥʦ ʵʪʦʤʫ ʤʝʪʦʜʫ ʨʝʰʝʥʠʝ ʟʘʜʘʯʠ ʂʦʰʠ ʜʣʷ ʫʨʘʚʥʝʥʠʷ (1) ï ʩʠʩʪʝʤʳ ʠʟ 
ʫʨʘʚʥʝʥʠʷ (1) ʠ ʫʩʣʦʚʠʡ ʚ ʥʘʯʘʣʴʥʦʡ ʪʦʯʢʝ   d  

init_cond := { y(d) = Y0 ,  y'(d) = Y1 , . . . ,  y(k-1)(d) = Yk-1 } ;                 (2) 
ʚ ʦʢʨʝʩʪʥʦʩʪʠ ʪʦʯʢʠ  d   ʧʨʠʙʣʠʞʘʝʪʩʷ ʦʪʨʝʟʢʦʤ ʨʷʜʘ ʊʝʡʣʦʨʘ ʧʦʨʷʜʢʘ  n   
 

T[ n , y , d , x ] = c0 + c1 * (x ï d) + . . . + cn * (x ï d)n 
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ʇʦʛʨʝʰʥʦʩʪʴ    y( x ) - T[ n , y , d , x ]    ʤʝʪʦʜʘ ʨʘʟʣʦʞʝʥʠʷ ʚ ʨʷʜ ʊʝʡʣʦʨʘ 
ʧʨʦʧʦʨʮʠʦʥʘʣʴʥʘ  (x - d)n+1.  ʇʨʠ ʙʦʣʴʰʠʭ  ʟʥʘʯʝʥʠʷʭ   x - d  ʵʪʘ ʧʦʛʨʝʰʥʦʩʪʴ 
ʤʝʜʣʝʥʥʦ ʩʪʨʝʤʠʪʴʩʷ ʢ ʥʫʣʶ ʧʨʠ   n Ÿ Ð ,  ʘ ʝʩʣʠ ʟʥʘʯʝʥʠʝ  x - d  ʙʦʣʴʰʝ 
ʨʘʜʠʫʩʘ ʩʭʦʜʠʤʦʩʪʠ ʨʷʜʘ ʊʝʡʣʦʨʘ, ʪʦ ʵʪʘ ʧʦʛʨʝʰʥʦʩʪʴ ʚʦʦʙʱʝ ʥʝ ʩʪʨʝʤʠʪʴʩʷ 
ʢ ʥʫʣʶ ʧʨʠ  n Ÿ Ð . ʇʦʛʨʝʰʥʦʩʪʴ ʤʝʪʦʜʘ ʦʙʳʯʥʦ ʦʮʝʥʠʚʘʶʪ ʚ ʧpʦʩʪpʘʥʩʪʚʝ  
C[a,b]  -- ʧʨʦʩʪʨʘʥʩʪʚʝ ɹʘʥʘʭʘ ʬʫʥʢʮʠʡ ʥʝʧʨʝʨʳʚʥʳʭ ʥʘ ʦʪʨʝʟʢʝ  
ʘʧʧʨʦʢʩʠʤʘʮʠʠ  [a, b]  ʩ ʨʘʚʥʦʤʝʨʥʦʡ (ʏʝʙʳʰʝʚʩʢʦʡ) ʥʦʨʤʦʡ   

|| y || C[a,b] = max {  | y(x) | , x Í [ a , b ] } 
ʂʦʵʬʬʠʮʠʝʥʪ ʦʧʪʠʤʘʣʴʥʦʩʪʠ ʨʝʰʝʥʠʷ ʟʘʜʘʯʠ ʂʦʰʠ ʜʣʷ ʦʙʳʢʥʦʚʝʥʥʳʭ 
ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ ʤʝʪʦʜʦʤ ʨʘʟʣʦʞʝʥʠʷ ʚ ʨʷʜ ʊʝʡʣʦʨʘ ʚ 
ʧʨʦʩʪʨʘʥʩʪʚʝ  C[a, b]  ʩ ʨʦʩʪʦʤ  n   ʨʘʩʪʝʪ ʩʦ ʩʢʦʨʦʩʪʴʶ ʛʝʦʤʝʪʨʠʯʝʩʢʦʡ 
ʧʨʦʛʨʝʩʩʠʠ 

 Opt( ʤʝʪʦʜ ʨʘʟʣʦʞʝʥʠʷ ʚ ʨʷʜ ʊʝʡʣʦʨʘ , ʟʘʜʘʯʘ ʂʦʰʠ , [a,b] , n , C[a,b] ) = 
|| y - T[ n , y , d , x ] || C[a,b] /  E[ n , y , C[a,b] ] = O( qn ) , 

 ʛʜʝ    q > 2 , 
E[ n , y , C[a,b] ] := infCi || y - (C0 + C1 * x + . . . + Cn * xn ) || C[a,b]  

 
ï ʚʝʣʠʯʠʥʘ ʥʘʠʣʫʯʰʝʛʦ ʧpʠʙʣʠʞʝʥʠʷ ʬʫʥʢʮʠʠ  y  ʤʥʦʛʦʯʣʝʥʘʤʠ ʩʪʝʧʝʥʠ  n  ʚ 
ʧpʦʩʪpʘʥʩʪʚʝ    C[a, b].  ʕʪʠ ʦʙʩʪʦʷʪʝʣʴʩʪʚʘ, ʘ ʪʘʢʞʝ ʥʝʦʙʭʦʜʠʤʦʩʪʴ 
ʚʳʯʠʩʣʝʥʠʷ ʙʦʣʴʰʦʛʦ ʯʠʩʣʘ ʯʘʩʪʥʳʭ ʧʨʦʠʟʚʦʜʥʳʭ, ʨʝʟʢʦ ʦʛʨʘʥʠʯʠʚʘʶʪ 
ʦʙʣʘʩʪʴ ʧʨʠʤʝʥʝʥʠʷ ʤʝʪʦʜʘ ʨʘʟʣʦʞʝʥʠʷ ʚ ʨʷʜ ʊʝʡʣʦʨʘ. 

ɸʥʘʣʠʪʠʯʝʩʢʠʝ ʧʨʠʙʣʠʞʝʥʥʳʝ ʤʝʪʦʜʳ ʨʝʰʝʥʠʷ ʟʘʜʘʯʠ ʂʦʰʠ ʜʣʷ 
ʦʙʳʢʥʦʚʝʥʥʳʭ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ (ʆɼʋ)  ï ʤʝʪʦʜʳ ʚʳʯʠʩʣʝʥʠʷ 
ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ ʤʥʦʛʦʯʣʝʥʦʚ  

yn = c0 + c1 * x + . . . + cn * xn                                                (3) 
ʧʨʠʙʣʠʞʘʶʱʠʭ ʨʝʰʝʥʠʝ  y  ʵʪʦʡ ʟʘʜʘʯʠ -- ʨʘʟʨʘʙʦʪʘʥʳ ʜʣʷ ʦʪʜʝʣʴʥʳʭ ʪʠʧʦʚ 
ʆɼʋ ʠ ʜʣʷ ʦʪʜʝʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ.  ɼʣʷ ʦʮʝʥʢʠ ʵʬʬʝʢʪʠʚʥʦʩʪʠ ʵʪʠʭ ʤʝʪʦʜʦʚ  
ʥʘʠʙʦʣʝʝ ʯʘʩʪʦ ʠʩʧʦʣʴʟʫʶʪ ʢʨʠʪʝʨʠʡ -- ʪʦʯʥʦʩʪʴ ʘʧʧʨʦʢʩʠʤʘʮʠʠ ʚ 
ʧpʦʩʪpʘʥʩʪʚʝ  C[a,b]. 

ɽʩʣʠ ʤʝʪʦʜ ʠʤʝʝʪ ʦʛʨʘʥʠʯʝʥʥʳʡ ʢʦʵʬʬʠʮʠʝʥʪ ʦʧʪʠʤʘʣʴʥʦʩʪʠ 
 Opt( ʤʝʪʦʜ , ʟʘʜʘʯʘ ʂʦʰʠ ʜʣʷ ʆɼʋ , [a,b] , n , C[a,b] )  < Const , 

ʪʦ ʦʥ ʦʧʪʠʤʘʣʝʥ ʧʦ ʪʦʯʥʦʩʪʠ ʘʧʧʨʦʢʩʠʤʘʮʠʠ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ  C[a,b] . 
ʅʘʠʙʦʣʴʰʝ ʘʥʘʣʠʪʠʯʝʩʢʠʭ ʧʨʠʙʣʠʞʝʥʥʳʭ ʤʝʪʦʜʦʚ ʧʦʩʪʨʦʝʥʦ ʜʣʷ 

ʨʝʰʝʥʠʷ ʟʘʜʘʯʠ ʂʦʰʠ ʜʣʷ ʃɼʋʄʂ (1), (2). ʕʪʦ ʪʘʫ-ʤʝʪʦʜ ʃʘʥʮʦʰʘ, ʘ-ʤʝʪʦʜ 
ɺ.ʂ.ɼʟʷʜʳʢʘ [1], ʤʝʪʦʜ ʂʣʝʥʰʦʫ , ʤʝʪʦʜ ʄʠʣʣʝʨʘ ʠ ʜʨʫʛʠʝ.  ʆʧʪʠʤʘʣʴʥʳʤ 
ʧʦ ʪʦʯʥʦʩʪʠ ʤʝʪʦʜʦʤ ʨʝʰʝʥʠʷ ʟʘʜʘʯʠ ʂʦʰʠ ʜʣʷ ʃɼʋʄʂ ʷʚʣʷʝʪʩʷ ʘ-ʤʝʪʦʜ 
ɺ.ʂ.ɼʟʷʜʳʢʘ .       ɺ ʘ-ʤʝʪʦʜʝ ʚʳʧʦʣʥʷʶʪ ʩʣʝʜʫʶʱʠʝ ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ: 
ï ʩʤʝʱʝʥʠʝ ʃɼʋʄʂ (1) ʠ ʥʘʯʘʣʴʥʳʭ ʫʩʣʦʚʠʡ (2) ʢ ʥʦʚʦʡ ʥʘʯʘʣʴʥʦʡ ʪʦʯʢʝ 

                d := 0;                                                     (4) 
ï ʧʨʝʦʙʨʘʟʦʚʘʥʠʝ ʩʤʝʱʝʥʥʦʡ ʟʘʜʘʯʠ ʂʦʰʠ ʜʣʷ ʃɼʋʄʂ (1) , (2), (4) ʚ 
ʣʠʥʝʡʥʦʝ ʠʥʪʝʛpʘʣʴʥʦʝ ʫpʘʚʥʝʥʠʝ ɺʦʣʴʪʝppʘ ʩ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʠ ʷʜpʦʤ 
ʷʚʣʷʶʱʠʤʠʩʷ ʤʥʦʛʦʯʣʝʥʘʤʠ (ʃʀʋʄʂ) ʵʢʚʠʚʘʣʝʥʪʥʦʝ ʟʘʜʘʯʝ ʂʦʰʠ 

LIUMK := ( F[ y ] = 0 ) := Int_equation( LDUMK , init_cond ) ;            (5) 
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   F[ y ] = F[ y , x ] := A * y + V[ K * y ] + G ;     V[ u ] := Ú 0x u(t) dt ;         (6) 

ï ʨʝʰʝʥʠʝ ʃʀʋʄʂ (5) ʥʘ ʦʪʨʝʟʢʝ [a - d, b - d] ʘ-ʤʝʪʦʜʦʤ ɺ.ʂ.ɼʟʷʜʳʢʘ ʠ 
ʚʳʯʠʩʣʝʥʠʝ ʘʧʧʨʦʢʩʠʤʠʨʫʶʱʝʛʦ ʤʥʦʛʦʯʣʝʥʘ ʚʠʜʘ (3)   

 yn = solve_a-method( LIUMK , [a - d, b - d] , n ) ;                       (7) 
ï  ʣʠʥʝʡʥʳʡ ʧʝʨʝʥʦʩ ʤʥʦʛʦʯʣʝʥʘ    yn   (7) ʢ ʥʘʯʘʣʴʥʦʡ ʪʦʯʢʝ ʫʩʣʦʚʠʡ (2).  
ʄʝʪʦʜ (7) ʨʝʰʝʥʠʷ ʃʀʋʄʂ -- solve_a-method -- ʧʨʝʜʧʦʣʘʛʘʝʪ 
ʘʧʧʨʦʢʩʠʤʘʮʠʶ ʫʨʘʚʥʝʥʠʷ (5) ï ʜʦʙʘʚʣʝʥʠʝ ʚ ʵʪʦ ʫʨʘʚʥʝʥʠʝ ʥʝʚʷʟʢʠ  c ʪʘʫ-
ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ 

 F[ yn ] + Em  = 0 ;                                                (8) 
 m := deg( F[ yn ] ) ;                                               (9) 

Em := tau1 * f( n + 1 , x ) + . . . + taum-n * f( m , x ) ;               (10) 
ʠ ʙʘʟʠʩʦʤ  {  f( i , x ) ,   i = 0, 1, . . . } -- ʤʥʦʛʦʯʣʝʥʳ ʏʝʙʳʰʝʚʘ ʧʝʨʚʦʛʦ ʨʦʜʘ 
ʣʠʥʝʡʥʦ ʧʝʨʝʥʝʩʝʥʥʳʝ ʥʘ ʦʪʨʝʟʦʢ ʘʧʧʨʦʢʩʠʤʘʮʠʠ  [a , b] 

f( i , x ) := cos( i * arcccos( z ) ) ;  z := 2 * (x - a) / (b - a) - 1 ;           (11) 
ʇʨʝʦʙʨʘʟʦʚʘʥʠʝ ʟʘʜʘʯʠ ʂʦʰʠ ʜʣʷ ʃɼʋʄʂ (1) , (2), (4) ʚ ʃʀʋʄʂ (5) 

ʷʚʣʷʝʪʩʷ ʥʘʠʙʦʣʝʝ ʩʣʦʞʥʳʤ ʚ ʘ-ʤʝʪʦʜʝ. ʌʦʨʤʫʣʳ ʵʪʦʛʦ ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ 
ʧʦʣʫʯʝʥʥʳ ɺ.ʂ.ɼʟʷʜʳʢʦʤ [1] ʠ ʥʝ ʨʝʘʣʠʟʦʚʘʥʳ ʧʨʦʛʨʘʤʤʥʦ ʚ ʦʙʱʝʤ ʚʠʜʝ.          
ʊʘʫ-ʤʝʪʦʜ ʃʘʥʮʦʰʘ, ʤʝʪʦʜ ʂʣʝʥʰʦʫ, ʤʝʪʦʜ ʄʠʣʣʝʨʘ ʠ ʘ-ʤʝʪʦʜ ɺ.ʂ.ɼʟʷʜʳʢʘ  
ʰʠʨʦʢʦ ʧʨʠʤʝʥʷʶʪʩʷ ʜʣʷ ʚʳʯʠʩʣʝʥʠʷ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ʌʫʨʴʝ-ʏʝʙʳʰʝʚʘ 
ʩʧʝʮʠʘʣʴʥʳʭ ʬʫʥʢʮʠʡ ʤʘʪʝʤʘʪʠʯʝʩʢʦʡ ʬʠʟʠʢʠ (ʉʄʌ). ʇʦʵʪʦʤʫ ʘʢʪʫʘʣʴʥʘ 
ʩʣʝʜʫʶʱʘʷ ʟʘʜʘʯʘ.  

ɿʘʜʘʯʘ 1. ʇʦʩʪʨʦʠʪʴ ʦʧʪʠʤʘʣʴʥʦʡ ʧʦ ʪʦʯʥʦʩʪʠ ʘʥʘʣʠʪʠʯʝʩʢʠʡ 
ʧʨʠʙʣʠʞʝʥʥʳʡ ʤʝʪʦʜ ʨʝʰʝʥʠʷ ʟʘʜʘʯʠ ʂʦʰʠ ʜʣʷ ʃɼʋʄʂ (1), (2) ʥʘ ʦʪʨʝʟʢʝ. 
ʄʝʪʦʜ ʥʝ ʠʤʝʝʪ ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ ʟʘʜʘʯʠ ʂʦʰʠ ʜʣʷ ʃɼʋʄʂ (1), (2) ʚ ʃʀʋʄʂ. 
 

2  ʂʦʤʧʴʶʪʝʨʥʳʡ ʘʩʧʝʢʪ ʧʨʦʙʣʝʤʳ 
 

ʉʠʩʪʝʤʳ ʢʦʤʧʴʶʪʝʨʥʦʡ ʘʣʛʝʙʨʳ ʩʪʘʣʠ ʩʨʝʜʦʡ ʤʘʪʝʤʘʪʠʯʝʩʢʦʛʦ 
ʤʦʜʝʣʠʨʦʚʘʥʠʷ. ʆʥʠ ʰʠʨʦʢʦ ʧʨʠʤʝʥʷʶʪʩʷ ʚ ʧʨʘʢʪʠʢʝ ʤʦʜʝʣʠʨʦʚʘʥʠʷ. 
ʉʠʩʪʝʤʳ ʢʦʤʧʴʶʪʝʨʥʦʡ ʘʣʛʝʙʨʳ ʠʤʝʶʪ ʵʬʬʝʢʪʠʚʥʳʝ ʩʨʝʜʩʪʚʘ ʜʣʷ 
ʧʨʦʛʨʘʤʤʠʨʦʚʘʥʠʷ ʩʠʤʚʦʣʴʥʦʛʦ ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ ʤʥʦʛʦʯʣʝʥʦʚ ʚʠʜʘ (3). ɽʩʣʠ 
ʤʥʦʛʦʯʣʝʥ ʨʘʟʤʝʱʘʝʪʩʷ ʚ ʦʧʝʨʘʪʠʚʥʦʡ ʧʘʤʷʪʠ ʢʦʤʧʴʶʪʝʨʘ, ʪʦ, ʢʘʢ ʧʨʘʚʠʣʦ, 
ʩʠʩʪʝʤʘ ʢʦʤʧʴʶʪʝʨʥʦʡ ʘʣʛʝʙʨʳ ʜʦʩʪʘʪʦʯʥʦ ʵʬʬʝʢʪʠʚʥʦ ʚʳʧʦʣʥʷʝʪ ʚʩʝ 
ʠʟʚʝʩʪʥʳʝ ʘʣʛʝʙʨʘʠʯʝʩʢʠʝ, ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʝ ʠ ʠʥʪʝʛʨʘʣʴʥʳʝ 
ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ ʵʪʦʛʦ ʤʥʦʛʦʯʣʝʥʘ. ʇʦʵʪʦʤʫ ʚ ʩʠʩʪʝʤʝ ʢʦʤʧʴʶʪʝʨʥʦʡ 
ʘʣʛʝʙʨʳ: 
ï ʧʨʝʜʧʦʯʪʠʪʝʣʴʥʳʤ ʦʙʲʝʢʪʦʤ ʩʠʤʚʦʣʴʥʦʛʦ ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ ʷʚʣʷʝʪʩʷ 
ʤʥʦʛʦʯʣʝʥ ʩʪʝʧʝʥʠ  n   ʚʠʜʘ (3) ;  
ï ʧʨʝʜʧʦʯʪʠʪʝʣʴʥʳʤ ʧʨʠʙʣʠʞʝʥʥʳʤ ʤʝʪʦʜʦʤ ʨʝʰʝʥʠʷ ʦʙʳʢʥʦʚʝʥʥʳʭ 
ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ ʷʚʣʷʝʪʩʷ ʘʥʘʣʠʪʠʯʝʩʢʠʡ ʤʝʪʦʜ: ʩʦʛʣʘʩʥʦ 
ʵʪʦʤʫ ʤʝʪʦʜʫ ʩʠʩʪʝʤʘ ʚʳʯʠʩʣʷʝʪ ʤʥʦʛʦʯʣʝʥ ʚʠʜʘ (3) ʠ ʵʪʦʪ ʤʥʦʛʦʯʣʝʥ 
ʦʧʪʠʤʘʣʴʥʦ ʧʦ ʪʦʯʥʦʩʪʠ ʘʧʧʨʦʢʩʠʤʠʨʫʝʪ ʨʝʰʝʥʠʝ ʆɼʋ ʥʘ ʦʪʨʝʟʢʝ [ a , b ]. 
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ʉʨʝʜʩʪʚʘʤʠ ʘʣʛʝʙʨʘʠʯʝʩʢʦʛʦ ʧʨʦʛʨʘʤʤʠʨʦʚʘʥʠʷ ʘ-ʤʝʪʦʜ ɺ.ʂ.ɼʟʷʜʳʢʘ 
ʨʝʘʣʠʟʦʚʘʥ [2] ʚ ʚʠʜʝ APLAN-ʧʨʦʮʝʜʫʨʳ. ɺ ʩʠʩʪʝʤʝ ʘʣʛʝʙʨʘʠʯʝʩʢʦʛʦ 
ʧʨʦʛʨʘʤʤʠʨʦʚʘʥʠʷ APS ʵʪʘ ʧʨʦʮʝʜʫʨʘ ʨʝʰʘʝʪ ʟʘʜʘʯʫ ʂʦʰʠ ʜʣʷ ʃɼʋʄʂ 
ʦʙʱʝʛʦ ʚʠʜʘ (1), (2) ʩ ʪʦʯʢʦʡ ʟʘʜʘʥʠʷ ʥʘʯʘʣʴʥʳʭ ʫʩʣʦʚʠʡ ʚʠʜʘ (4). ʕʪʘ 
ʧʨʦʮʝʜʫʨʘ ʠʤʝʝʪ ʦʧʝpʘʪʦp   Int_equation . ʆʥ ʚʳʧʦʣʥʷʝʪ ʥʘʠʙʦʣʝʝ ʩʣʦʞʥʦʝ 
ʧpʝʦʙpʘʟʦʚʘʥʠʝ ʘ-ʤʝʪʦʜʘ ɺ.ʂ.ɼʟʷʜʳʢʘ [1] ï ʟʘʜʘʯʠ ʂʦʰʠ (1), (2), (4) ʚ 
ʃʀʋʄʂ (5) ʠ ʪpʝʙʫʝʪ ʦʧʝpʘʪʠʚʥʦʡ ʧʘʤʷʪʠ ʙʦʣʴʰʝ, ʯʝʤ ʦʩʪʘʣʴʥʘʷ ʧpʦʮʝʜʫpʘ. 
ʇʦʵʪʦʤʫ ʧʨʦʛʨʘʤʤʳ ʜʣʷ ʨʝʰʝʥʠʷ ʟʘʜʘʯʠ ʂʦʰʠ ʜʣʷ ʆɼʋ, ʧʦʩʪʨʦʝʥʥʳʝ ʥʘ 
ʦʩʥʦʚʝ ʵʪʦʛʦ ʦʧʝʨʘʪʦʨʘ ʠ ʠʪʝʨʘʮʠʦʥʥʳʭ ʤʝʪʦʜʦʚ ʩʦʛʣʘʩʥʦ ʠʜʝʠ ɺ.ʂ.ɼʟʷʜʳʢʘ, 
ʪʨʝʙʫʶʪ ʧʘʤʷʪʴ, ʢʘʢ ʧʨʘʚʠʣʦ, ʙʦʣʴʰʫʶ ʯʝʤ ʠʤʝʝʪ ʩʠʩʪʝʤʘ APS. 

ʈʝʰʝʥʠʝ ʟʘʜʘʯʠ ʂʦʰʠ ʜʣʷ ʃɼʋʄʂ (1), (2) ʧʨʦʮʝʜʫʨʦʡ, ʨʝʘʣʠʟʫʶʱʝʡ 
ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʡ ʘʣʛʦʨʠʪʤ ʘ-ʤʝʪʦʜʘ ɺ.ʂ.ɼʟʷʜʳʢʘ [3], ʪʦʞʜʝʩʪʚʝʥʥʦ                   
ʘ-ʤʝʪʦʜʫ [1] ʥʘ ʦʯʝʥʴ ʚʘʞʥʳʭ ʜʣʷ ʧʨʘʢʪʠʢʠ ʢʣʘʩʩʘʭ ʃɼʋʄʂ (1)  

k = 1 ;   ʠ     k = 2 ; A = Const . 
ʅʦ ʵʪʠ ʢʣʘʩʩʳ ʃɼʋʄʂ ʥʝ ʩʦʜʝʨʞʘʪ ʚʩʝʭ ʃɼʋʄʂ ʧʨʠʤʝʥʷʝʤʳʭ ʥʘ ʧʨʘʢʪʠʢʝ . 

ʀʩʭʦʜʷ ʠʟ ʠʟʣʦʞʝʥʥʦʛʦ ʚʳʰʝ, ʜʣʷ ʩʠʩʪʝʤ ʢʦʤʧʴʶʪʝʨʥʦʡ ʘʣʛʝʙʨʳ 
ʘʢʪʫʘʣʴʥʘ ʩʣʝʜʫʶʱʘʷ ʟʘʜʘʯʘ. 

ɿʘʜʘʯʘ 2. ɺ ʩʠʩʪʝʤʝ ʢʦʤʧʴʶʪʝʨʥʦʡ ʘʣʛʝʙʨʳ ʧʦʩʪʨʦʠʪʴ ʧʨʦʮʝʜʫʨʫ ʜʣʷ 
ʨʝʰʝʥʠʷ ʟʘʜʘʯʠ ʂʦʰʠ ʜʣʷ ʃɼʋʄʂ (1), (2) ʥʘ ʦʪʨʝʟʢʝ  [ a, b ]. ʇʨʦʮʝʜʫʨʘ 
ʚʳʯʠʩʣʷʝʪ ʤʥʦʛʦʯʣʝʥ ʚʠʜʘ (3).  ʕʪʦʪ ʤʥʦʛʦʯʣʝʥ ʘʧʧʨʦʢʩʠʤʠʨʫʝʪ ʨʝʰʝʥʠʝ 
ʠʩʭʦʜʥʦʡ ʟʘʜʘʯʠ ʂʦʰʠ ʥʘ ʦʪʨʝʟʢʝ [ a , b ] ʦʧʪʠʤʘʣʴʥʦ ʧʦ ʪʦʯʥʦʩʪʠ. 
ʇʨʦʮʝʜʫʨʘ ʥʝ ʠʤʝʝʪ ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ ʟʘʜʘʯʠ ʂʦʰʠ ʜʣʷ ʃɼʋʄʂ (1), (2) ʚ 
ʃʀʋʄʂ (5). 
 

3  ʀʥʪʝʛʨʦ-ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʡ ʘʣʛʦʨʠʪʤ ʘ-ʤʝʪʦʜʘ 
 

      ʀʜʝʷ. ɺʳʯʠʩʣʠʪʴ ʘʧʧʨʦʢʩʠʤʠʨʫʶʱʝʝ ʫʨʘʚʥʝʥʠʝ (8) ʘ-ʤʝʪʦʜʘ 
ɺ.ʂ.ɼʟʷʜʳʢʘ (5) ï (11) ʚ ʨʝʟʫʣʴʪʘʪʝ ʥʝʧʦʩʨʝʜʩʪʚʝʥʥʦʛʦ ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ 
ʟʘʜʘʯʠ ʂʦʰʠ ʜʣʷ ʃɼʋʄʂ (1), (2), (4). 
       ʄʝʪʦʜ 1: 
ï ʚʳʯʠʩʣʠʪʴ ʘʧʧʨʦʢʩʠʤʘʮʠʶ ʃɼʋʄʂ (1)  

SD := ( coefTayl( D[ yn ] + Em
(k) , i ) = 0 ,  i := 0 , . . . , m - k ; ) ;      (12) 

ʛʜʝ ʥʝʚʷʟʢʘ  Em  ʠʤʝʝʪ ʚʠʜ (10) ʠ ʧʘʨʘʤʝʪʨ 
   m =  k + q ;   q = deg( D[ yn ] ) ;    k = ord_equ( D[ y ] ) ;            (13) 

ï ʚʳʯʠʩʣʠʪʴ ʘʧʧʨʦʢʩʠʤʘʮʠʶ ʥʘʯʘʣʴʥʳʭ ʫʩʣʦʚʠʡ (2), (4) ʉʃɸʋ 
 SI := ( D[ j , yn(d) , d ] + Em

(j)(d) = D[ j , init_cond , d ] ,   j := 1 , . . . , k ; ) ;  (14) 
ʛʜʝ ʦʧʝʨʘʪʦʨ 

D[ j , y , x ] := D[ j , y ] := DV[ D[ j - 1 , y ] ];                  (15) 
ʵʪʦ ʜʠʬʬʝpʝʥʮʠʘʣʴʥʘʷ ʯʘʩʪʴ ʧʝpʚʦʦʙpʘʟʥʦʡ ʧʦpʷʜʢʘ  j   ʦʧʝpʘʪʦpʘ  D[ y ]  (1); 
      D[ j , yn(d) , d ] --   ʧʦʜʩʪʘʥʦʚʢʘ ʚ ʦʧʝʨʘʪʦʨ D[ j , y , x ] ʤʥʦʛʦʯʣʝʥʘ  yn  (3) ʩ 
ʩʠʤʚʦʣʴʥʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ  ʠ ʪʦʯʢʠ ʟʘʜʘʥʠʷ ʥʘʯʘʣʴʥʳʭ ʫʩʣʦʚʠʡ (2) ; 
 D[ j , init_cond , d ] -- ʧʦʜʩʪʘʥʦʚʢʘ ʚ ʦʧʝʨʘʪʦʨ D[ j , y , x ]  ʫʩʣʦʚʠʡ (2).  
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ʇʨʠʤʝʨ 1. ʌʫʥʢʮʠʷ   ln( x + 1 )  ʷʚʣʷʝʪʩʷ pʝʰʝʥʠʝʤ ʟʘʜʘʯʠ ʂʦʰʠ 
 (x + 1) * y' = 1 ;       y(0) = 0 ;                              (16) 
ʇpʦʮʝʜʫpʘ   Int_equation   ʧpʝʦʙpʘʟʫʝʪ ʟʘʜʘʯʫ ʂʦʰʠ (16) ʚ ʃʀʋʄʂ (5) ʚʠʜʘ 

    (x + 1) * y - V[ y ] - x = 0 ;                                 (17) 
ɸʧʧpʦʢʩʠʤʘʮʠʷ ʃʀʋʄʂ (17) ʘ-ʤʝʪʦʜʦʤ ɺ.ʂ.ɼʟʷʜʳʢʘ (8) -- (10) ʠʤʝʝʪ: 
1) ʧʘpʘʤʝʪp (9) ʥʝʚʷʟʢʠ (10) 

m := deg( F[ yn ] ) := n + 1 ; 
2) ʥʝʚʷʟʢʫ (10) ʩ ʦʜʥʠʤ ʪʘʫ-ʢʦʵʬʬʠʮʠʝʥʪʦʤ 

Em := tau * f(n + 1 , x) ; 
3) ʫʨʘʚʥʝʥʠʝ (8) ʵʢʚʠʚʘʣʝʥʪʥʦʝ ʉʃɸʋ ʚʠʜʘ 

S := { coefTayl( F[ yn ] + Em ,  i ) = 0 ,  i := 0 , . . . , m ; } := 
{ a(m , 0) * tau +                         c0     = 0 , 
a(m , 1) * tau +                  c1 +       -1 = 0 , 
a(m , 2) * tau + c2 + 1/2 * c1              = 0 , 

. . . 
a(m , i) * tau + ci + (i - 1) / i * ci-1      = 0 , 

. . . 
a(m , m) * tau             + n/m * cn     = 0 } ;                        (18) 

 
ʛʜʝ   m  :=  n + 1 ; 
    a(m , i)  -- ʢʦʵʬʬʠʮʠʝʥʪʳ ʤʥʦʛʦʯʣʝʥʘ ʙʘʟʠʩʘ ʥʝʚʷʟʢʠ   f(m , x) . 

ɸʧʧpʦʢʩʠʤʘʮʠʷ ʟʘʜʘʯʠ ʂʦʰʠ ʜʣʷ ʃɼʋʄʂ (16) ʤʝʪʦʜʦʤ (12) ï (14) 
ʠʤʝʝʪ: 

1) ʧʘpʘʤʝʪp  m  (13) ʥʝʚʷʟʢʠ (10) ʪʦʞʜʝʩʪʚʝʥʥʳʡ ʧʘʨʘʤʝʪʨʫ ʥʝʚʷʟʢʠ ʘ-
ʤʝʪʦʜʘ 

k := ord_equ( D[ y ] ) := 1 ;   m  := k + deg( D[ yn ] ) := n + 1 ; 
2) ʥʝʚʷʟʢʫ ʩ ʦʜʥʠʤ ʪʘʫ-ʢʦʵʬʬʠʮʠʝʥʪʦʤ ï ʚʠʜʘ ʪʦʞʜʝʩʪʚʝʥʥʦʛʦ ʚʠʜʫ 

ʥʝʚʷʟʢʠ ʘʧʧʨʦʢʩʠʤʘʮʠʠ ʃʀʋʄʂ (17) ʘ-ʤʝʪʦʜʦʤ ; 
3) ʉʃɸʋ (12) ʚʠʜʘ 

SD :={ coefTayl( D[ yn ] + Em' , i ) = 0 ,  i := 0 , . . . , n ; } := 
{   a(m , 1) * tau +                   c1 + -1 = 0 , 
2 * a(m , 2) * tau +    2 * c2 + c1          = 0 , 

. . . 
i * a(m , i) * tau + i * ci + (i - 1) * ci-1 = 0 , 

. . . 
m * a(m , m) * tau + n * cn                  = 0 }; 

ʠ ʵʪʘ ʉʃɸʋ ʪʦʞʜʝʩʪʚʝʥʥʘ ʯʘʩʪʠ  ( i = 1 , . . . , m ; ) ʉʃɸʋ   S (18); 
4) ʉʃɸʋ (14) ʚʠʜʘ 

SI := ( yn(0) + Em(0) = 0 ) := ( c0 + a(m , 0) * tau = 0 ) ; 
ʠ ʵʪʘ ʉʃɸʋ ʪʦʞʜʝʩʪʚʝʥʥʘ ʧʝʨʚʦʤʫ ʫpʘʚʥʝʥʠʶ ʉʃɸʋ (18)       SI = S , ( i = 0 ); 
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4  ʆʙʦʩʥʦʚʘʥʠʝ ʠʥʪʝʛʨʦ-ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʘʣʛʦʨʠʪʤʘ ʘ-ʤʝʪʦʜʘ 
 
ʊʝʦʨʝʤʘ 1. ʇʫʩʪʴ: 
ï ʪʦʯʢʘ ʟʘʜʘʥʠʷ ʥʘʯʘʣʴʥʳʭ ʫʩʣʦʚʠʡ (2) ʠʤʝʝʪ ʚʠʜ (4)  --  d = 0 , 
ï ʃɼʋʄʂ (1) ʥʝ ʠʤʝʝʪ ʦʩʦʙʝʥʥʦʩʪʠ ʚʠʜʘ   A(d)  = 0. 
      ʊʦʛʜʘ ʪʦʞʜʝʩʪʚʝʥʥʳ:  ʉʃɸʋ ʘ-ʤʝʪʦʜʘ ɺ.ʂ.ɼʟʷʜʳʢʘ 

 
S := ( coefTayl( F[ yn ] + Em ,  i ) = 0 ,   i := 0 , . . . , m ; ) ;           (19) 

ʠ ʦʙʲʝʜʠʥʝʥʠʝ ʉʃɸʋ (12) ʠ (14) ʤʝʪʦʜʘ 1 --  conc( SI , SD ). 
ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. ʉʦʛʣʘʩʥʦ ʦʧʨʝʜʝʣʝʥʠʷ ʃʀʋʄʂ (5), ʜʣʷ ʦʧʝʨʘʪʦʨʘ 

ʵʪʦʛʦ ʃʀʋʄʂ ʠ ʦʧʝʨʘʪʦʨʘ ʃɼʋʄʂ (1) ʠʤʝʝʪ ʤʝʩʪʦ ʪʦʞʜʝʩʪʚʦ  
( F[ y ] )(k) = D[ y ] ;                                    (20) 

ʇʦʵʪʦʤʫ ʪʝʦʨʝʤʘ 1 ʷʚʣʷʝʪʩʷ ʥʝʧʦʩʨʝʜʩʪʚʝʥʥʳʤ ʩʣʝʜʩʪʚʠʝʤ ʣʝʤʤ 1 ï 5. 
ʃʝʤʤʳ ʜʦʢʘʟʘʥʳ ʥʠʞʝ.  
ʃʝʤʤʘ 1. ʇʫʩʪʴ: 
ï ʧʦʨʷʜʦʢ ʘ-ʤʝʪʦʜʘ ɺ.ʂ.ɼʟʷʜʳʢʘ (4) -- (11) ʠ ʠʥʪʝʛʨʦ-ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ 
ʘʣʛʦʨʠʪʤʘ ʘ-ʤʝʪʦʜʘ (12) ï (14)  n > k - 1 , 
ï ʜʣʷ ʦʧʝpʘʪʦpʦʚ   D[ y ]    ʃɼʋʄʂ (1) ʠ    F[ y ]  (6) ʃʀʋʄʂ (5) ʠʤʝʝʪ 
ʤʝʩʪʦ ʪʦʞʜʝʩʪʚʦ (20). 

ʊʦʛʜʘ ʚʠʜ ʥʝʚʷʟʢʠ   Em  (10) ʜʣʷ ʫʨʘʚʥʝʥʠʷ (8) ʪʦʞʜʝʩʪʚʝʥʝʥ ʚʠʜʫ ʵʪʦʡ 
ʥʝʚʷʟʢʠ ʜʣʷ ʉʃɸʋ (12), (14) . 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. ʉʦʛʣʘʩʥʦ ʧʨʘʚʠʣ ʜʠʬʬʝʨʝʥʮʠʨʦʚʘʥʠʷ, ʜʣʷ 
ʤʥʦʛʦʯʣʝʥʦʚ  Pm  ʩʪʝʧʝʥʠ  m > k - 1  ʠʤʝʝʪ ʤʝʩʪʦ ʪʦʞʜʝʩʪʚʦ 

deg( Pm
(k) ) = deg( Pm ) - k ; 

 ʉʦʛʣʘʩʥʦ ʵʪʦʛʦ ʪʦʞʜʝʩʪʚʘ ʠ ʪʦʞʜʝʩʪʚʘ (20) ʠʤʝʝʪ ʤʝʩʪʦ ʪʦʞʜʝʩʪʚʦ 
deg( F[ yn ] ) = deg( D[ yn ] ) + k ,                             (21) 

ʛʜʝ ʤʥʦʛʦʯʣʝʥʳ  D[ yn ]  ʠ   F[ yn ]  ʷʚʣʷʶʪʩʷ ʨʝʟʫʣʴʪʘʪʘʤʠ ʧʨʝʦʙʨʘʟʦʚʘʥʠʡ 
ʦʧʝʨʘʪʦʨʘʤʠ   D[ y ] (2) ʠ F[ y ]   (6) ʤʥʦʛʦʯʣʝʥʘ   yn   ʚʠʜʘ (3) ʩ ʩʠʤʚʦʣʴʥʳʤʠ 
ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ. ʊʦʞʜʝʩʪʚʦ (21) ʷʚʣʷʝʪʩʷ ʪʦʞʜʝʩʪʚʦʤ ʟʥʘʯʝʥʠʡ ʧʘʨʘʤʝʪʨʘ  
m  (9) ʥʝʚʷʟʢʠ (10) ʫʨʘʚʥʝʥʠʷ (8) ʠ ʧʘʨʘʤʝʪʨʘ  m  (13) ʥʝʚʷʟʢʠ (10) ʉʃɸʋ (12) 
ʠ (14). ʇʘʨʘʤʝʪʨʳ  n , m  ʦʜʥʦʟʥʘʯʥʦ ʦʧʨʝʜʝʣʷʶʪ ʚʠʜ ʥʝʚʷʟʢʠ (10). 
ʃʝʤʤʘ 2. ʇʫʩʪʴ ʜʣʷ ʦʧʝpʘʪʦpʘ   D[ y ]   ʃɼʋʄʂ (1) ʠ ʦʧʝpʘʪʦpʘ  F[ y ]   (6) 
ʃʀʋʄʂ (5) ʠʤʝʝʪ ʤʝʩʪʦ ʪʦʞʜʝʩʪʚʦ (20) . 

ʊʦʛʜʘ ʉʃɸʋ (12) ʪʦʞʜʝʩʪʚʝʥʥʘ ʫʨʘʚʥʝʥʠʷʤ  i := k , . . . , m ;  ʉʃɸʋ (19) 
 SD = S ( i := k , . . . , m ; ) ; 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. ʉʦʛʣʘʩʥʦ ʧʨʘʚʠʣ ʜʠʬʬʝʨʝʥʮʠʨʦʚʘʥʠʷ, ʜʣʷ 
ʤʥʦʛʦʯʣʝʥʦʚ  Pm  ʩʪʝʧʝʥʠ  m > i   ʠ   j < i   ʠʤʝʝʪ ʤʝʩʪʦ ʪʦʞʜʝʩʪʚʦ 

coefTayl( Pm , i ) * i! := coefTayl( Pm
(j) , i - j ) * (i - j)! 

ʉʦʛʣʘʩʥʦ ʵʪʦʛʦ ʪʦʞʜʝʩʪʚʘ ʠ ʪʦʞʜʝʩʪʚʘ (20), ʝʩʣʠ  i > k , ʪʦ ʠʤʝʝʪ ʤʝʩʪʦ 
ʪʦʞʜʝʩʪʚʦ 

coefTayl( F[ yn ] , i ) * i! := coefTayl( D[ yn  ] , i - k ) * (i - k)! 
ʛʜʝ ʤʥʦʛʦʯʣʝʥʳ  D[ yn ]  ʠ   F[ yn ]  ʷʚʣʷʶʪʩʷ ʨʝʟʫʣʴʪʘʪʘʤʠ ʧʨʝʦʙʨʘʟʦʚʘʥʠʡ 
ʦʧʝʨʘʪʦʨʘʤʠ   D[ y ]   (1) ʠ   F[ y ]   (6) ʤʥʦʛʦʯʣʝʥʘ yn ʚʠʜʘ (3) ʩ ʩʠʤʚʦʣʴʥʳʤʠ 
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ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ. ʉʦʛʣʘʩʥʦ ʣʝʤʤʝ 1, ʚʠʜ ʥʝʚʷʟʢʠ ʫʨʘʚʥʝʥʠʷ (8) ʠ ʉʃɸʋ (12) 
ʪʦʞʜʝʩʪʚʝʥʝʥ. ʇʦʵʪʦʤʫ, ʝʩʣʠ  i > k , ʪʦ ʠʤʝʝʪ ʤʝʩʪʦ ʪʦʞʜʝʩʪʚʦ 

coefTayl( Em , i ) * i! := coefTayl( Em , i - k ) * (i - k)! 
ʀʟ ʵʪʠʭ ʪʦʞʜʝʩʪʚ ʥʝʧʦʩʨʝʜʩʪʚʝʥʥʦ ʩʣʝʜʫʝʪ ʪʦʞʜʝʩʪʚʦ ʉʃɸʋ (12) ʠ ʯʘʩʪʠ ( i 
= k , . . . , m ; ) ʉʃɸʋ (19).Ǐ 
ʃʝʤʤʘ 3. ʇʫʩʪʴ: 
ï ʜʣʷ ʦʧʝpʘʪʦpʘ   D[ y ]  (1) ʠ ʦʧʝpʘʪʦpʘ  F[ y ]  (6) ʠʤʝʝʪ ʤʝʩʪʦ 
ʪʦʞʜʝʩʪʚʦ (20), 
ï ʦʧʝʨʘʪʦʨʳ  D[ j , y , x ]  (15) ʫʜʦʚʣʝʪʚʦʨʷʶʪ ʥʘʯʘʣʴʥʳʤ ʫʩʣʦʚʠʷʤ (2), (4). 

ʊʦʛʜʘ ʠʤʝʶʪ ʤʝʩʪʦ ʪʦʞʜʝʩʪʚʘ 
( F[ y , x = 0 ] )(k - i) = D[ i , y , x = 0 ] - D[ i , init_cond ] ,  i = 1 , . . . , k      (22) 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. ɿʥʘʯʝʥʠʝ ʣʠʥʝʡʥʦʛʦ ʠʥʪʝʛʨʘʣʴʥʦʛʦ ʦʧʝʨʘʪʦʨʘ 
ɺʦʣʴʪʝʨʨʘ   V[ u ]  (6) ʚ ʪʦʯʢʝ ʥʦʣʴ, ʦʯʝʚʠʜʥʦ, ʨʘʚʥʦ ʥʫʣʶ. ʇʦʵʪʦʤʫ ʦʧʝʨʘʪʦʨ  
F[ y ]  (6) ʚ ʪʦʯʢʝ ʥʦʣʴ ʠʤʝʝʪ ʟʥʘʯʝʥʠʝ 

F[ y , x = 0 ] = A(0) * y(0) + G(0) ;   G(0) = - A(0) * Y0 ; 
ʉʦʛʣʘʩʥʦ ʪʦʞʜʝʩʪʚʘ (20) ʦʧʝʨʘʪʦʨ  D[ k , y , x ]  ʠʤʝʝʪ ʚʠʜ 
 

D[ k , y , x ] = A * y 
ʇʦʵʪʦʤʫ ʩʧʨʘʚʝʜʣʠʚʳ ʪʦʞʜʝʩʪʚʘ 

D[ k , y , x ] = A(0) * y(0) ,   D[ k , init_cond ] = A(0) * Y0 
ʠ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʪʦʞʜʝʩʪʚʦ (22) ʠʤʝʝʪ ʤʝʩʪʦ ʚ ʩʣʫʯʘʝ  i = k .  ʊʦʞʜʝʩʪʚʦ (22) 
ʜʣʷ ʧʨʦʠʟʚʦʜʥʳʭ ʦʧʝʨʘʪʦʨʘ   F[ y ]  ʜʦʢʘʟʳʚʘʝʪʩʷ ʘʥʘʣʦʛʠʯʥʦ. Ǐ 
ʃʝʤʤʘ 4. ʆʧʝʨʘʪʦʨʳ (15) ʠʤʝʶʪ ʚʠʜ 

D[ i , y ] = A * y(k-i) + . . . + E * y ;   i = 1 , . . . , k ;                     (23) 
ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. ʉʦʛʣʘʩʥʦ ʦʧʨʝʜʝʣʝʥʠʷ (15) ʠ ʣʝʤʤʝ 3, ʦʧʝʨʘʪʦʨʳ  D[ i , 

y ] ,   i = 1 , . . . , k , ʷʚʣʷʶʪʩʷ ʜʠʬʬʝpʝʥʮʠʘʣʴʥʳʤ ʩʣʘʛʘʝʤʳʤ ʧʨʦʠʟʚʦʜʥʦʡ 
ʧʦʨʷʜʢʘ   k ï i    ʦʧʝpʘʪʦpʘ   F[ y ]  (6) . ʉʦʛʣʘʩʥʦ ʦʧʨʝʜʝʣʝʥʠʷ ʦʧʝʨʘʪʦʨʘ  F[ y 
]  (6), ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʩʣʘʛʘʝʤʦʝ ʝʛʦ ʧʨʦʠʟʚʦʜʥʦʡ ʧʦʨʷʜʢʘ  k ï i  ʠʤʝʝʪ ʚʠʜ 
(23). Ǐ 
ʃʝʤʤʘ 5. ʇʫʩʪʴ ʃɼʋʄʂ (1) ʥʝ ʠʤʝʝʪ ʦʩʦʙʝʥʥʦʩʪʠ ʚʠʜʘ  A(d)  = 0   ʚ ʪʦʯʢʝ 
ʟʘʜʘʥʠʷ ʥʘʯʘʣʴʥʳʭ ʫʩʣʦʚʠʡ (2) ʚʠʜʘ (4)   d = 0 . 

ʊʦʛʜʘ ʪʦʞʜʝʩʪʚʝʥʥʳ ʉʃɸʋ (14) ʠ ʧʝʨʚʳʝ  k  ʫʨʘʚʥʝʥʠʡ ʉʃɸʋ (19) 
SD := S ( i := 0 , . . . , k - 1 ; ) ; 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. ɼʦʢʘʟʳʚʘʝʤʦʝ ʪʦʞʜʝʩʪʚʦ ʷʚʣʷʝʪʩʷ ʥʝʧʦʩpʝʜʩʪʚʝʥʥʳʤ 
 ʩʣʝʜʩʪʚʠʝʤ ʪʦʞʜʝʩʪʚ (22), (23) ʠ ʪʦʞʜʝʩʪʚʘ ʚʠʜʘ ʥʝʚʷʟʢʠ ʉʃɸʋ (14) ʠ (19). 
 ʇʦʩʣʝʜʥʝʝ ʪʦʞʜʝʩʪʚʦ ʜʦʢʘʟʘʥʦ ʚ ʣʝʤʤʝ 1. Ǐ 
      

5  ʈʝʘʣʠʟʘʮʠʷ ʤʝʪʦʜʘ (12) ï (14) ʚ APS 
        
       ɺʭʦʜ: ï ʃɼʋʄʂ (1) , 
                  ï ʥʘʯʘʣʴʥʳʝ ʫʩʣʦʚʠʷ (2) ʩ ʥʘʯʘʣʴʥʦʡ ʪʦʯʢʦʡ ʚʠʜʘ (4) , 
                  ï ʦʪʨʝʟʦʢ ʘʧʧʨʦʢʩʠʤʘʮʠʠ  [a, b] , 
                  ï ʧʦʨʷʜʦʢ ʠʩʢʦʤʦʛʦ ʘʧʧʨʦʢʩʠʤʠʨʫʶʱʝʛʦ ʤʥʦʛʦʯʣʝʥʘ ʚʠʜʘ (3). 
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ɺʳʭʦʜ. 
 ʄʥʦʛʦʯʣʝʥ ʚʠʜʘ (3) ï ʨʝʰʝʥʠʝ ʟʘʜʘʯʠ ʂʦʰʠ (1), (2), (4) ʤʝʪʦʜʦʤ (12) ï (14). 

ɸʣʛʦʨʠʪʤ 1. ʆʧʝʨʘʮʠʠ ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ -- ʚʳʯʠʩʣʠʪʴ: 
1. ʆʙʲʝʜʠʥʝʥʠʝ ʉʃɸʋ (12) ʠ (14) 

S := conc( SI , SD ) ;                                              (24) 
2. ʈʝʰʝʥʠʝ ʉʃɸʋ (24) -- ʢʦʵʬʬʠʮʠʝʥʪʳ ʤʥʦʛʦʯʣʝʥʦʚ    yn ,  Em 

Coef := solve( S ) ;                                                 (25) 
3. ʄʥʦʛʦʯʣʝʥ  yn  ʚʠʜʘ (3) ʩ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ    c0 , . . . , cn    ʠʟ ʩʧʠʩʢʘ (25) 

yn := ser( n , Coef ) ;                                               (26) 
ʈʝʰʝʥʠʝ ʟʘʜʘʯʠ ʂʦʰʠ (16) ʧʦ ʘʣʛʦʨʠʪʤʫ 1 ʩ ʙʘʟʠʩʦʤ ʥʝʚʷʟʢʠ 

ʪʦʞʜʝʩʪʚʝʥʥʳʤ ʙʘʟʠʩʫ ʨʷʜʘ ʊʝʡʣʦʨʘ  { xi } , n := 2 ;  Em := tau * x3 ; 
1. ʉʃɸʋ (14) ʘʧʧʨʦʢʩʠʤʠʨʫʶʱʘʷ ʥʘʯʘʣʴʥʦʝ ʫʩʣʦʚʠʝ        {  y = 0  } 

SI := { D[ 1 , yn(d) , d ] + Em(d) = D[ 1 , init_cond , d ] } := { c0 = 0 } ; 
ʉʃɸʋ (12) ʘʧʧʨʦʢʩʠʤʠʨʫʶʱʘʷ ʃɼʋʄʂ          { (x + 1) * y' - 1 = 0 } 

SD := { coefTayl(D[ yn ] + Em
(k) ,  i ) = 0 ,  i := 0 , . . . , m - k ; } := 

{             c1  - 1  = 0 , 
2 * c2 + c1       = 0 , 

3 * tau  + 2 * ʩ2 = 0 } ; 
2. ʈʝʰʝʥʠʝ ʦʙʲʝʜʠʥʝʥʠʷ (24) ʵʪʠʭ ʉʃɸʋ 
 

Coef := solve( S ) := { tau = 1/3 ,  c0 = 0 ,  c1 = 1 ,  c2 = 1/2  }; 
3.   yn := ser( n , Coef ) := x - 1/2 * x2 ; 
     ʈʝʰʝʥʠʝ ʟʘʜʘʯʠ ʂʦʰʠ (16) ʧʦ ʘʣʛʦʨʠʪʤʫ 1 ʩ ʙʘʟʠʩʦʤ ʥʝʚʷʟʢʠ (11) 
     n := 2 ;  interval := (0 , 1) ;  Em := tau * cheb(n+1 , 2x - 1) ;  
1. ʉʃɸʋ (14) ʘʧʧʨʦʢʩʠʤʠʨʫʶʱʘʷ ʫʩʣʦʚʠʝ             init_cond := ( y(0) = 0 ) ; 
SI := { D[1 , yn(d) , d ] + Em(d) = D[1 , init_cond , d ] } := { - tau  + c0 = 0 } ; 

ʉʃɸʋ (12) ʘʧʧʨʦʢʩʠʤʠʨʫʶʱʘʷ ʃɼʋʄʂ            { (x + 1) * y' - 1 = 0 } 
SD := { coefTayl( D[ yn ] + Em

(k) , i ) = 0 ,  i := 0 , . . . , m - k ; } := 
 { 18 * tau  +             c1 - 1  = 0 , 
-96 * tau  + 2 * c2 + c1      = 0 , 
96 * tau  + 2 * ʩ2           = 0 } ; 

2. ʈʝʰʝʥʠʝ ʦʙʲʝʜʠʥʝʥʠʷ (24) ʵʪʠʭ ʉʃɸʋ 
Coef := solve( S ) := { tau = 1/210 , ʩ2 = -8/35 , ʩ1 = 32/35 , c0 = 1/210 } ; 

3.     yn := ser( n , Coef ) := -8/35 * x2 + 32/35 * x + 1/210 ; 
ʉʪpʫʢʪʫpʘ ʜʘʥʥʳʭ. ʉʪpʫʢʪʫpʘ ʜʘʥʥʳʭ ʧʦʩʪʨʦʝʥʥʦʡ ʧʨʦʮʝʜʫʨʳ 

ʪʦʞʜʝʩʪʚʝʥʥʘ ʩʪʨʫʢʪʫʨʝ ʜʘʥʥʳʭ ʧʨʦʮʝʜʫʨ [2] ʠ [3]. 
1. ʉʣʘʛʘʝʤʳʝ ʃɼʋʄʂ (1) ʫʧʦʨʷʜʦʯʝʥʳ ʧʦ ʧʦʨʷʜʢʫ ʧʨʦʠʟʚʦʜʥʳʭ ʠ ʃɼʋʄʂ 
ʠʤʝʝʪ ʚʠʜ ʧʨʠʥʷʪʳʡ ʚ ʩʠʩʪʝʤʝ  Maple  III 

LDUMK := ( A * dif(y , k) + ...+ C * y + g = 0 ); 
ʛʜʝ   y  -- ʘʪʦʤ, ʢʦʵʬʬʠʮʠʝʥʪʳ  A , . . . , B , C , g  -- ʤʥʦʛʦʯʣʝʥʳ ʧʝʨʝʤʝʥʥʦʡ 
(ʘʪʦʤʘ)  x    ʝʩʪʝʩʪʚʝʥʥʦʛʦ ʚʠʜʘ . 
2. ʅʘʯʘʣʴʥʳʝ ʫʩʣʦʚʠʷ (2), (4) ʟʘʜʘʶʪʩʷ ʚ ʚʠʜʝ ʧʨʠʥʷʪʦʤ ʚ ʩʠʩʪʝʤʝ  Maple III. 
ʅʘʯʘʣʴʥʘʷ ʪʦʯʢʘ (4) ʦʧʨʝʜʝʣʷʝʪʩʷ ʦʧʝʨʘʪʦʨʦʤ ʧʨʠʩʚʦʝʥʠʷ 
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InitPoint := 0 ; 
ʠ ʟʥʘʯʝʥʠʷ ʧʨʦʠʟʚʦʜʥʳʭ ʚ ʵʪʦʡ ʪʦʯʢʝ ʦʧʨʝʜʝʣʷʶʪʩʷ ʚ ʚʠʜʝ ʩʧʠʩʢʘ  

init_cond := 
 ( y = Yo , dif(y,1) = Y1 ,..., dif(y,s) = Ys ); 

ʛʜʝ  y - ʘʪʦʤ,    s := k - 1 ; 
3. ʆʧʠʩʘʥʠʝ ʦʪpʝʟʢʘ ʘʧʧpʦʢʩʠʤʘʮʠʠ  [ a , b ]   ʠʤʝʝʪ ʚʠʜ 

interval := (a , b); 
4. ʇʨʦʮʝʜʫʨʘ ʚʳʯʠʩʣʷʝʪ ʦʙʲʝʜʠʥʝʥʠʝ (24) ʉʃɸʋ (12), (14). ʅʝʠʟʚʝʩʪʥʳʤʠ 
ʉʃɸʋ (24) ʷʚʣʷʶʪʩʷ ʢʦʵʬʬʠʮʠʝʥʪʳ ʤʥʦʛʦʯʣʝʥʦʚ   yn   (3) ʠ   Em  (10). ɼʣʷ 
ʢʦʵʬʬʠʮʠʝʥʪʦʚ ʥʝʚʷʟʢʠ ʧʨʠʥʷʪʦ ʦʙʦʟʥʘʯʝʥʠʝ  taui = cn+i .  ʇʦʵʪʦʤʫ 
ʥʝʠʟʚʝʩʪʥʳʝ ʉʃɸʋ (24) ʠʤʝʶʪ ʚʠʜ -- ʘʪʦʤ  c  ʩ ʠʥʜʝʢʩʦʤ 

c(0),...,c(n),...,c(m) 
 ɼʣʷ ʚʳʯʠʩʣʝʥʠʷ ʉʃɸʋ (24) ʧʨʦʮʝʜʫʨʘ ʧʨʝʦʙʨʘʟʫʝʪ ʤʥʦʛʦʯʣʝʥʳ  yn ,  Em  ʩ  
ʩʠʤʚʦʣʴʥʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʵʪʦʛʦ ʚʠʜʘ. 
5. ʈʝʟʫʣʴʪʘʪ (25) ʨʝʰʝʥʠʷ ʉʃɸʋ (24) ʧʨʦʮʝʜʫʨʘ ʚʳʯʠʩʣʷʝʪ ʚ ʚʠʜʝ ʩʧʠʩʢʘ 
ʪʦʞʜʝʩʪʚ 

c(0)= d ,...,c(n) = e ,...,c(m) = f 
   6. ʄʥʦʛʦʯʣʝʥ (26) ʧʨʦʮʝʜʫʨʘ ʚʳʯʠʩʣʷʝʪ ʚ ʝʩʪʝʩʪʚʝʥʥʦʤ ʚʠʜʝ. 
         ɸʣʛʝʙʨʘʠʯʝʩʢʘʷ ʩʧʝʮʠʬʠʢʘʮʠʷ ʘʣʛʦʨʠʪʤʘ 1. 
S := aprox_Dzyadyk( LDUMK , InitPoint , init_cond , 
interval , n); /* ʘʧʧʨʦʢʩʠʤʘʮʠʷ ʟʘʜʘʯʠ ʂʦʰʠ ʉʃɸʋ */ 
Xn := c;                  /* ʠʤʷ ʥʝʠʟʚʝʩʪʥʳʭ ʚ ʉʃɸʋ */ 
Coef := solve(S);                   /* pʝʰʝʥʠʝ ʉʃɸʋ */ 
y_n := ser(n , Coef);  /* y_n ʩ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ Coef */ 
 

ɺʳʚʦʜʳ ʠʟ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʩʧʝʮʠʬʠʢʘʮʠʠ ʘʣʛʦʨʠʪʤʘ 1. 
1. ɺʠʜ ʩʧʝʮʠʬʠʢʘʮʠʠ ʪʦʞʜʝʩʪʚʝʥʝʥ ʚʠʜʫ ʩʧʝʮʠʬʠʢʘʮʠʠ ʧʨʦʮʝʜʫʨʳ [2] ʜʣʷ 

ʪʘʫ-ʤʝʪʦʜʘ ʃʘʥʮʦʰʘ. 
2. ʉʧʝʮʠʬʠʢʘʮʠʷ ʧpʦʮʝʜʫpʳ ʠʤʝʝʪ ʦʜʠʥ ʥʦʚʳʡ, ʦʪʥʦʩʠʪʝʣʴʥʦ ʩʧʝʮʠʬʠʢʘʮʠʠ 

ʧʨʦʮʝʜʫʨʳ ʪʘʫ-ʤʝʪʦʜʘ ʃʘʥʮʦʰʘ [2], ʦʧʝpʘʪʦp --  aprox_Dzyadyk . 
3. ʆʧʝpʘʪʦpʳ ʧpʦʮʝʜʫpʳ (ʩʦʛʣʘʩʥʦ ʠʭ ʩʧʝʮʠʬʠʢʘʮʠʠ): 
    ï ʚʳʧʦʣʥʷʶʪ ʚʳʯʠʩʣʝʥʠʷ ʚ ʘpʠʬʤʝʪʠʢʝ pʘʮʠʦʥʘʣʴʥʳʭ ʯʠʩʝʣ; 
    ï ʠʤʝʶʪ ʧʦ ʧʘpʘʤʝʪpʫ  n  ʧʦʣʠʥʦʤʠʘʣʴʥʫʶ ʩʣʦʞʥʦʩʪʴ 

Q( solve_ode , n ) = O( n * Q( canplf , n2 ) ) + O( n3 ) ; 
Q( solve , n ) = O( n3 ) ; 

Q( ser , n ) = O( n ) ; 
ʛʜʝ   Q( canplf  , m ) -- ʩʣʦʞʥʦʩʪʴ ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ ʦʧʝpʘʪʦpʦʤ  canplf   
ʤʥʦʛʦʯʣʝʥʘ  P  ʢ ʚʠʜʫ ʢʘʥʦʥʠʯʝʩʢʦʤʫ ʜʣʷ ʩʠʩʪʝʤʳ APS ï ʩʫʤʤʘ ʩʣʘʛʘʝʤʳʭ 
ʚʠʜʘ  c(i) * x^j $ b ,   m   -- ʯʠʩʣʦ ʩʣʘʛʘʝʤʳʭ ʤʥʦʛʦʯʣʝʥʘ  canplf( P ).   
4. ʇpʦʮʝʜʫpʘ ʠʤʝʝʪ ʧʦ ʧʘpʘʤʝʪpʫ   n  ʧʦʣʠʥʦʤʠʘʣʴʥʫʶ ʩʣʦʞʥʦʩʪʴ 

O( n * Q( canplf , n2 ) ) + O( n3 ) ; 
APLAN-ʧʨʦʛʨʘʤʤʘ. 

1. ʌʘʡʣʳ ʚʳʧʦʣʥʝʥʠʷ ʧʨʦʛʨʘʤʤʳ: 
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     D_3_1.BAT ï ʜʣʷ ʧʨʦʛʨʘʤʤʳ ʩ ʙʘʟʠʩʦʤ ʥʝʚʷʟʢʠ ï ʙʘʟʠʩʦʤ ʨʷʜʘ ʊʝʡʣʦʨʘ, 
     D_3_2.BAT ï ʜʣʷ ʧʨʦʛʨʘʤʤʳ ʩ ʙʘʟʠʩʦʤ ʥʝʚʷʟʢʠ ʚʠʜʘ (11). 
2. ʌʘʡʣʳ ʩ ʦʧʝʨʘʪʦʨʦʤ  aprox_Dzyadyk   -- ʠʥʬʦʨʤʘʪʠʚʘ ʧʨʦʛʨʘʤʤʳ: 
     D_3_1.AP  --  ʙʘʟʠʩʦʤ ʥʝʚʷʟʢʠ ʷʚʣʷʝʪʩʷ ʙʘʟʠʩ ʨʷʜʘ ʊʝʡʣʦʨʘ; 
     D_3_2.AP  --  ʙʘʟʠʩʦʤ ʥʝʚʷʟʢʠ ʷʚʣʷʶʪʩʷ ʤʥʦʛʦʯʣʝʥʳ ʏʝʙʳʰʝʚʘ  (11). 
3. ʌʘʡʣ ʩ ʦʧʝʨʘʪʦʨʘʤʠ  process  ʠ  task -- TASK_d_1.AP  -- ʜʠʨʝʢʪʠʚʘ 
ʧʨʦʛʨʘʤʤʳ. ʕʪʘ ʜʠʨʝʢʪʠʚʘ ʪʦʞʜʝʩʪʚʝʥʥʘ ʜʠpʝʢʪʠʚʝ ʧʨʦʛʨʘʤʤʳ ʨʝʘʣʠʟʫʶʱʝʡ 
ʪʘʫ-ʤʝʪʦʜ ʃʘʥʮʦʰʘ [2]. 
 

ʈʝʰʝʥʠʝ ʟʘʜʘʯʠ ʂʦʰʠ (16) ʧʦʩʪʨʦʝʥʥʦʡ ʧʨʦʮʝʜʫʨʦʡ. 
APLAN-ʦʧʠʩʘʥʠʝ ʟʘʜʘʯʠ ʂʦʰʠ (16) ʠ ʦʪpʝʟʢʘ ʘʧʧpʦʢʩʠʤʘʮʠʠ  [0,1]   ʠʤʝʝʪ 
ʚʠʜ 
 process[1]:=( 
    LDUMK     := ( (x + 1) * dif(y , 1) + (-1) = 0 ) ; 
    InitPoint := 0 ; 
    init_cond := ( y = 0 ) ; 
    interval  := (0 , 1);  ... ); 

ʈʝʟʫʣʴʪʘʪʳ ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ ʵʪʦʡ ʟʘʜʘʯʠ ʂʦʰʠ ʧʦʩʪʨʦʝʥʥʦʡ ʚʳʰʝ  
APLAN-ʧpʦʮʝʜʫpʦʡ ʧʨʠ   n := 2 ;  ʠ ʙʘʟʠʩʝ ʥʝʚʷʟʢʠ ʪʦʞʜʝʩʪʚʝʥʥʦʤ ʙʘʟʠʩʫ 
ʨʷʜʘ ʊʝʡʣʦʨʘ ʠʤʝʶʪ ʚʠʜ: 
 S := aprox_Dzyadyk ( LDUMK , InitPoint , init_cond , 
         interval , n ) := 
     ( c 0 = 0 , c 1 + -1 = 0 , c 2 $ 2 + c 1 = 0 ); 
Xn := c; Coef := solve(S) := 
     ( c 0  = 0 , c 1  = 1 , c 2  = rat(-1 , 2) ); 
y_n := ser(n , Coef):= x + -1/2 * x ^ 2 ; 
         ʈʝʟʫʣʴʪʘʪʳ ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ ʵʪʦʡ ʟʘʜʘʯʠ ʂʦʰʠ ʧʦʩʪʨʦʝʥʥʦʡ ʚʳʰʝ  
APLAN-ʧpʦʮʝʜʫpʦʡ ʧʨʠ   n := 2 ;  ʠ ʙʘʟʠʩʝ ʥʝʚʷʟʢʠ (11) ʠʤʝʶʪ ʚʠʜ: 
S := aprox_Dzyadyk ( LDUMK , InitPoint , init_cond ,   
                interval , n ) := 
           (  c 3  $ -1                 + c 0  = 0 , 
              c 3  $ 18 +            c 1 +  -1 = 0 , 
              c 3  $-96 + c 2  $ 2 + c 1       = 0 , 
              c 3  $ 96 + ʩ 2  $ 2             = 0 ) ; 
Xn := c ; Coef := solve(S) := 
           ( c 0  = rat(1,210) , c 1  = rat(32,35) , 
             c 2  = rat(-8,35) , c 3  = rat(1,210) ); 
y_n := ser(n , Coef):= 
     x ^ 2 $ rat(-8,35) + x $ rat(32,35) + rat(1,210) ; 

ɺ ʧʨʠʚʝʜʝʥʥʳʭ ʚʳʰʝ ʨʝʟʫʣʴʪʘʪʘʭ: 
$  -- ʦʧʝʨʘʮʠʷ ʷʟʳʢʘ  APLAN ʫʤʥʦʞʝʥʠʷ ʪʝʨʤʘ ʥʘ ʯʠʩʣʦ, 
rat( p , q ) := p / q ;     -- ʨʘʮʠʦʥʘʣʴʥʦʝ ʯʠʩʣʦ, 
c 0  , c 1  , c 2  , c 3 -- ʨʝʟʫʣʴʪʘʪ ʚʳʚʦʜʘ ʘʪʦʤʘ ʩ ʠʥʜʝʢʩʦʤ 
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c(0) , c(1) , c(2) , c(3)     ʦʧʝʨʘʪʦʨʦʤ   prn  ʩʠʩʪʝʤʳ  APS. 
 

6  ʆʧʝʨʘʪʦʨ  aprox_Dzyadyk 
 
       ɺʭʦʜ: ï ʃɼʋʄʂ (1) , 
                  ï ʫʩʣʦʚʠʷ (2) ʚ ʥʘʯʘʣʴʥʦʡ ʪʦʯʢʝ ʚʠʜʘ (4) , 
                  ï ʦʪʨʝʟʦʢ ʘʧʧʨʦʢʩʠʤʘʮʠʠ  [a, b] , 
                  ï ʧʦʨʷʜʦʢ ʠʩʢʦʤʦʛʦ ʤʥʦʛʦʯʣʝʥʘ ʚʠʜʘ (4). 
      ɺʳʭʦʜ ï ʉʃɸʋ (24). 
       ʄʝʪʦʜ. 
1. ʄʥʦʛʦʯʣʝʥ   yn   (3) ʩ ʩʠʤʚʦʣʴʥʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʧʦʜʩʪʘʚʣʷʶʪ 
ʚ ʦʧʝpʘʪʦp   D[ y ]  ʃɼʋʄʂ (1) ʠ ʚʳʯʠʩʣʷʶʪ ʤʥʦʛʦʯʣʝʥ 

D[ yn ] := D0 + . . . + Dq * xq ;  Di := a(i , 0) * c0 + . . . + a(i , n) * cn + bi ; 
2. ɺʳʯʠʩʣʷʶʪ ʧʘpʘʤʝʪpʳ   q , k , m  (13) ʉʃɸʋ (12) ʠ ʥʝʚʷʟʢʫ   Em   (10) ʩ 
ʩʠʤʚʦʣʴʥʳʤʠ ʢʦʵʬʬʠʮʠʝʪʘʤʠ. 
3. ɺʳʯʠʩʣʷʶʪ ʉʃɸʋ (12). 
4. ɺʳʯʠʩʣʷʶʪ ʜʠʬʬʝpʝʥʮʠʘʣʴʥʫʶ ʯʘʩʪʴ ʧʝpʚʦʦʙpʘʟʥʳʭ   D[ i , y ]   ʧʦpʷʜʢʘ  
   i := 1 , . . . , k ;    ʦʧʝpʘʪʦpʘ    D[ y ]   (1) ʠ ʉʃɸʋ (14). 
      ɸʣʛʦʨʠʪʤ 1. ʆʧʝʨʘʮʠʠ ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ -- ʚʳʯʠʩʣʠʪʴ: 
1. ʆʧʝpʘʪʦp   D[ y ]    ʃɼʋʄʂ (1). 
2. ʇʦpʷʜʦʢ ʜʠʬʬʝpʝʥʮʠʘʣʴʥʦʛʦ ʦʧʝpʘʪʦpʘ    D[ y ] . 
3. ʄʥʦʛʦʯʣʝʥ   yn   (3) c ʩʠʤʚʦʣʴʥʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ. 
4. ʇʨʝʦʙʨʘʟʦʚʘʥʠʝ   D[ yn ]  ʤʥʦʛʦʯʣʝʥʘ   yn    ʦʧʝpʘʪʦpʦʤ    D[ y ] . 
5. ʇʦʨʷʜʦʢ ʤʥʦʛʦʯʣʝʥʘ    D[ yn ]  ʠ ʧʘpʘʤʝʪp  m   ʥʝʚʷʟʢʠ. 
6. Hʝʚʷʟʢy   Em   (10) c ʩʠʤʚʦʣʴʥʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʜʣʷ ʦʪʨʝʟʢʘ  [ -1 , 1 ] . 
7. ʃʠʥʝʡʥʦʝ ʧʨʝʦʙʨʘʟʦʚʘʥʠʝ   z :  [ a , b ]  --> [ -1 , 1 ] . 
8. Hʝʚʷʟʢy   Em   (10) c ʩʠʤʚʦʣʴʥʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʜʣʷ ʦʪʨʝʟʢʘ  [ a , b ] . 
9. ʄʥʦʛʦʯʣʝʥ    D[ yn ] + Em

(k)  . 
10. ʉʠʩʪʝʤʫ ʣʠʥʝʡʥʳʭ ʘʣʛʝʙpʘʠʯʝʩʢʠʭ ʫʨʘʚʥʝʥʠʡ (12). 
11. ʉʠʩʪʝʤʫ ʣʠʥʝʡʥʳʭ ʘʣʛʝʙpʘʠʯʝʩʢʠʭ ʫʨʘʚʥʝʥʠʡ (14) -- 
    ʜʣʷ   i := 1 , . . . , k ;   ʠʥʪʝʛpʠpʦʚʘʪʴ ʦʧʝpʘʪʦp   D[ y ]   ʠ ʚʳʯʠʩʣʠʪʴ: 
11.1.  D[ i , y , x ] -- 
 ʜʠʬʬʝpʝʥʮʠʘʣʴʥʳʡ ʦʧʝpʘʪʦp  i-ʪʦʡ ʧʝpʚʦʦʙpʘʟʥʦʡ ʦʧʝʨʘʪʦʨʘ  D[ y ] . 
11.2.  D[ i , y , d ] -- ʟʥʘʯʝʥʠʝ ʦʧʝpʘʪʦpʘ  D[ i , y , x ] ʚ ʪʦʯʢʝ   d := 0 ;  (4) 
          -- ʜʠʬʬʝpʝʥʮʠʘʣʴʥʳʡ ʦʧʝpʘʪʦp ʩ ʧʦʩʪʦʷʥʥʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ. 
11.3.  D[ i , yn(x) , d ] := Dn(x) ; -- ʧʨʝʦʙʨʘʟʦʚʘʥʠʝ ʤʥʦʛʦʯʣʝʥʘ   yn 
      (3) ʩ ʩʠʤʚʦʣʴʥʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʦʧʝpʘʪʦpʦʤ    D[ i , y , d ] . 
11.4.  Di(x) := D[ i , yn(x) , d ] + Em

(k-i) ; --  ʤʥʦʛʦʯʣʝʥ. 
11.5.  Di(d)  -- ʟʥʘʯʝʥʠʝ ʤʥʦʛʦʯʣʝʥʘ    Di(x)   ʚ ʪʦʯʢʝ  d . 
11.6.  D[ i , init_cond , d ]  -- ʧʦʜʩʪʘʥʦʚʢʘ ʚ ʦʧʝpʘʪʦp  D[ i , y , d ] 

           ʫʩʣʦʚʠʡ (2), (4) -- ʯʠʩʣʦ. 
11.7. ʋpʘʚʥʝʥʠʝ ʉʃɸʋ (14) -- ʘʧʧpʦʢʩʠʤʘʮʠʶ    k - i  -- ʪʦʛʦ ʫʩʣʦʚʠʷ (2). 
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12. ʆʙʲʝʜʠʥʝʥʠʝ ʉʃɸʋ (14) ʠ ʉʃɸʋ (12). 
 

ʇʨʝʦʙʨʘʟʦʚʘʥʠʝ ʟʘʜʘʯʠ ʂʦʰʠ (16) ʧʦ ʘʣʛʦʨʠʪʤʫ 2 ʩ ʙʘʟʠʩʦʤ ʥʝʚʷʟʢʠ 
(11), interval := (0 , 1) ;  n := 2 ; 
 1.    D[ y ] := (x + 1) * y' + 1 ; 
 2.    k := 1 ; 
 3.    yn := c2 * x2 + c1 * x + c0 ; 
 4.    D[ yn ] := (x + 1) * ( 2 * c2 * x + c1 ); 
 5.    q := deg( D[ yn ] ) := 2 ;     m := q + k := 3 ;    m - n := 1 ; 
 6.    Em := tau * cheb(3 ,  x) := tau * ( 4 * x3 - 3 * x ) ; 
 7.    z :=  2 * x - 1 ; 
 8.    Em(z) := tau * cheb(3 , 2 * x - 1) :=  tau * (32 * x3 - 48 * x2 + 18 * x - 1) ; 
 9.    D[ yn ] + Em

(k) := (x + 1) * ( 2 * c2 * x + c1 ) +  tau * (96 * x2 - 96 * x + 18 ) ; 
 10.   SD := { coefTayl( D[ yn ] + Em

(k) , i ) = 0 , i := 0 , . . . , m - k ; } 
          := { 18 * tau  +          c1 - 1  = 0 , 
              -96 * tau  + 2 * c2 + c1    = 0 , 
               96 * tau  + 2 * ʩ2           = 0 } ; 
 11.1.  D[ 1 , y , x ] := (x + 1) * y ; 
 11.2.  D[ 1 , y , 0 ] :=           y ; 
 11.3.  D[1 , yn(x) , 0 ] := c2 * x2 + c1 * x + c0 ; 
 11.4.  D[ 1 , yn , 0] + Em := 
           c2 * x2 + c1 * x + c0 + tau * (32 * x3 - 48 * x2 + 18 * x - 1) ; 
 11.5.  D[ 1 , yn(0) , 0 ] + Em(0) :=  - tau + c0 ; 
 11.6.  D[ 1 , init_cond , 0 ] := 0 ; 
 11.7.  { D[ 1 , yn(0) , 0] + Em(0) = D[ 1 , init_cond , 0 ] } := { -tau + c0 = 0 } ; 
 12. conc( SI , SD ) := 
      { -1 * tau               + c0   = 0 , 
        18 * tau  +          c1 - 1  = 0 , 
       -96 * tau  + 2 * c2 + c1  = 0 , 
        96 * tau  + 2 * ʩ2          = 0 } ;                                             

ʉʪpʫʢʪʫpʘ ʜʘʥʥʳʭ. ʉʪpʫʢʪʫpʫ ʜʘʥʥʳʭ ʥʘ ʚʭʦʜʝ ʠ ʚʳʭʦʜʝ ʧʦʩʪʨʦʝʥʥʦʛʦ 
ʦʧʝʨʘʪʦʨʘ ʦʧʨʝʜʝʣʷʝʪ ʦʩʥʦʚʥʘʷ ʧʨʦʮʝʜʫʨʘ. ɼʣʷ ʚʳʯʠʩʣʝʥʠʷ ʉʃɸʋ (24) 
ʦʧʝʨʘʪʦʨ ʧʨʝʦʙʨʘʟʫʝʪ ʤʥʦʛʦʯʣʝʥʳ  yn ,  Em  ʩ  ʩʠʤʚʦʣʴʥʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ 
. ɸʧʧʨʦʢʩʠʤʠʨʫʶʱʠʡ ʤʥʦʛʦʯʣʝʥ (3) ʦʧʝʨʘʪʦʨ ʚʳʯʠʩʣʷʝʪ ʚ ʚʠʜʝ 

y_n := c(0) + c(1) * x + ... + c(n) * x ^ n ; 
 ʅʝʚʷʟʢʫ (10) ʩ ʙʘʟʠʩʦʤ (11) ʦʧʝʨʘʪʦʨ ʚʳʯʠʩʣʷʝʪ ʥʘ ʦʪʨʝʟʢʝ   [-1,1]   ʚ ʚʠʜʝ 

E_m := 
c(n + 1) * cheb(n + 1 , x) + ... + c(m) * cheb(m , x); 

 ʠ ʣʠʥʝʡʥʦ ʧʝʨʝʥʦʩʠʪ ʥʘ ʦʪʨʝʟʦʢ ʘʧʧʨʦʢʩʠʤʘʮʠʠ  [a , b] -- ʟʘʤʝʥʦʡ 
ʧʝʨʝʤʝʥʥʳʭ 

subs( x = z , E_m ) ,  z := 2 * (x - a) / (b - a) - 1 ; 
ɸʣʛʝʙʨʘʠʯʝʩʢʘʷ ʩʧʝʮʠʬʠʢʘʮʠʷ ʘʣʛʦʨʠʪʤʘ 2. 
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   aprox_Dzyadyk := proc( LDUMK , InitPoint , init_cond 
, interval , n )loc(y_n,k,SD,S,Dy,Dn,Di,D0,Ri,E_m,m)( 
   let( LDUMK , Dy = 0 );          /* ʦʧʝpʘʪʦp D[y]  */ 
   k := ord_equ(Dy);              /*  ʧʦʨʷʜʦʢ ʃɼʋʄʂ  */ 
   y_n := main_pol(n);        /*  y_n c ʢʦʵʬʬ. c(i)  */ 
 /*       ɸʇʇʈʆʂʉʀʄɸʎʀʗ ʃɼʋʄʂ                        */ 
   Dn :=  canplf(sub_du(Dy,y_n));        /*  D[y_n]  */ 
   m := deg(canplf(ein_pol(Dn))); /* ʧʦʨʷʜʦʢ  D[y_n] */ 
   E_m :=  Enl(n,m+k-n);                 /*  E_m(x)  */ 
   S  := canplf( (2/(arg(interval,2) + (-1) * /* z(x)*/ 
arg(interval,1))*(x + (-1) * arg(interval,1) ) + (-1); 
E_m --> canplf( subs( x = S, E_m ));     /*  E_m(z)  */ 
   Dn --> canplf(Dn + nd_x(E_m,k));  /* ʘʧʧpʦʢ. D[y] */ 
   SD := pol_equ(Dn,m);       /*  ʉʃɸʋ ʘʧʧp. Dy = 0  */ 
 /*       ɸʇʇʈʆʂʉʀʄɸʎʀʗ   HɸʏɸʃʔHʓʍ   ʋʉʃʆɺʀʁ        */ 
    for (i:=1, i<=k, i:=i+1, 
        Dy --> intDy( Dy );            /*  D[i,y,x]  */ 
   D0 --> canplf(subs(x=InitPoint ,Dy));/*  D[i,y,d] */ 
   Dn --> sub_du(D0,y_n) ;             /* D[i,y_n,d] */ 
   Dn --> Dn + nd_x(E_m,k-i);/*D[i,y_n,d]+D^(k-i)E_m */ 
   Di --> canplf(subs(x = InitPoint , Dn)); /*  Dn(d)*/ 
   Ri --> canplf(subCondDy(D0,init_cond));/*D[i,cond]*/ 
   S --> copy(Di = Ri);/* ʘʧʧpʦʢʩʠʤʘʮʠʷ ʥʘʯʘʣʴʥ. ʫʩʣ.*/ 
   SD -->conc(S,SD)/*ʦʙʲʝʜʠʥʝʥʠʝ ʩ ʧʦʣʫʯʝʥʥʦʡ ʉʃɸʋ */); 
    return(SD)         /*  ʚʦʟʚpʘʪ ʉʃɸʋ  */   ); 
 

ɺʳʚʦʜʳ ʠʟ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʩʧʝʮʠʬʠʢʘʮʠʠ ʘʣʛʦʨʠʪʤʘ 2. 
1. ʇʨʦʮʝʜʫʨʘ  aprox_Dzyadyk  ʠʤʝʝʪ ʪʦʣʴʢʦ ʠʟʚʝʩʪʥʳʝ [2] APLAN-ʦʧʝpʘʪʦpʳ. 
2. ʆʧʝpʘʪʦpʳ ʧpʦʮʝʜʫpʳ  aprox_Dzyadyk : 
    -- ʚʳʧʦʣʥʷʶʪ ʚʳʯʠʩʣʝʥʠʷ ʚ ʘpʠʬʤʝʪʠʢʝ pʘʮʠʦʥʘʣʴʥʳʭ ʯʠʩʝʣ ; 
    -- ʠʤʝʶʪ ʧʦ ʧʘpʘʤʝʪpʫ   n   ʧʦʣʠʥʦʤʠʘʣʴʥʫʶ ʩʣʦʞʥʦʩʪʴ 
 

Q( let( equation, Dy = 0 ) , n ) = O( 1 ) ; 
Q( k := ord_equ( Dy ) , n ) = O( 1 ) ; 

Q( main_pol( n )  , n ) = O( n ) ; 
Q( canplf( sub_du( Dy , y_n ) ) , n ) = O( n2 ) + O( Q( canplf , n2 ) ) ; 

Q( deg( canplf( ein_pol( Dn ) ) ) , n ) = O( n2 ) + O( Q( canplf , n2 ) ) ; 
Q( Enl( n , m + k - n ) , n ) = O( n2 ) ;  (ʜʣʷ ʢʣʘʩʩʠʯʝʩʢʦʛʦ ʙʘʟʠʩʘ); 

Q( canplf( subs( x = S , E_m ) ) , n ) = O( n2 ) + O( Q( canplf , n2 ) ) ; 
Q( canplf( Dn + nd_x( E_m , k ) ) , n ) = O( n2 ) + O( Q( canplf , n2 ) ) ; 

Q( pol_equ( Dn , m ) , n ) = n * O( Q( canplf , n2 ) ) + O( n3 ) ; 
Q( intDy( Dy ) , n ) = O( 1 ) ; 

Q( canplf( subs( x=InitPoint ,Dy ) ) , n ) = O( 1 ) ; 
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Q( sub_du(D0 , y_n) , n ) = O( n2 ) ; 
Q( Dn + nd_x(E_m , k - i) , n ) = O( n ) ; 

Q( canplf( subs( x= InitPoint ,Dn ) ) , n ) = O( 1 ) ; 
Q( canplf( subCondDy( D0 , init_cond ) ) , n ) = O( 1 ) ; 

Q( copy( Di = Ri ) , n ) = O( 1 ) ; 
Q( conc(S , SD) , n ) = O( 1 ) ; 

 3. ʇpʦʮʝʜʫpʘ    aprox_Dzyadyk : 
    -- ʚʳʧʦʣʥʷʝʪ ʚʳʯʠʩʣʝʥʠʷ ʚ ʘpʠʬʤʝʪʠʢʝ pʘʮʠʦʥʘʣʴʥʳʭ ʯʠʩʝʣ ; 
    -- ʠʤʝʝʪ ʧʦ ʧʘpʘʤʝʪpʫ   n    ʧʦʣʠʥʦʤʠʘʣʴʥʫʶ ʩʣʦʞʥʦʩʪʴ 
 

Q( solve_ode , n ) = O( n * Q( canplf , n2 ) ) + O( n3 ) ; 
 
      ʈʝʟʫʣʴʪʘʪʳ ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ ʦʧʝʨʘʪʦʨʦʤ  solve_ode  ʟʘʜʘʯʠ ʂʦʰʠ (16) . 
      n := 2 ;   
   let( LDUMK , Dy = 0 ); 
            Dy := (x + 1) * dif(y , 1) + -1; 
   k := ord_equ(Dy) := 1; 
   y_n := main_pol(n) := c 2 * x^2 + c 1 * x + c 0; 
   Dn := canplf( sub_du(Dy, y_n) ) := 
   c 2  * x ^ 2 $ 2 + c 1 * x + c 2* x $ 2 + c 1 + -1 ; 
   m := deg(canplf(ein_pol(Dn))) := 2; 
   E_m :=  Enl(n,m+k-n) := c 3  * ( x^3 $ 4 + x $ -3 ); 
   S := canplf((2/(arg(interval,2)+(-
1)*arg(interval,1)) 
  * (x + (-1) * arg(interval,1) ) + (-1) := x $ 2 + -1; 
  E_m --> canplf( subs(x=S, E_m) ) := c 3 * x ^ 3 $ 32+ 
          c 3 * x ^ 2 $ -48 + c 3 * x $ 10 + c 3 $ -1 ; 
   Dn --> canplf(Dn + nd_x(E_m,k)) := 
          c 3 * x^2 $ 96 + c 3  * x $ -96 + c 3  $ 18 + 
   c 2 * x ^ 2 $ 2 + c 1 * x + c 2 * x $ 2 + c 1 + -1 ; 
   SD := pol_equ(Dn,m) := 
            ( c 3  $ 18 +            c 1 +  -1 = 0 , 
              c 3  $-96 + c 2  $ 2 + c 1       = 0 , 
              c 3  $ 96 + ʩ 2  $ 2             = 0 ) ; 
    for( i := 1 ) 
         Dy --> intDy( Dy ) := (x + 1) * y ; 
         D0 --> canplf(subs(x=InitPoint ,Dy)) := y ; 
         Dn --> sub_du(D0,y_n) := 
                c 2 * x^2 + c 1 * x + c 0; 
         Dn --> Dn + nd_x(E_m,k-i) := 
           c 2 * x^2 + c 1 * x + c 0 + c 3* x ^ 3 $ 32+ 
           c 3 * x ^2 $ -48 + c 3 * x $ 10 + c 3 $ -1 ; 
         Di --> canplf(subs(x= InitPoint ,Dn)) := 



 

ɺʠʧʫʩʢ 57                                       ʉʝʨʽʷ: ʄʘʪʝʤʘʪʠʯʥʽ ʥʘʫʢʠ                    & ÝÐãÚÞÒI ×ÐßØáÚØ 

 51 

                                  c 3 $ -1 + c 0 ; 
         Ri --> canplf(subCond(D0,init_cond)) := 0; 
         S --> copy(Di = Ri) := ( c 3 $ -1 + c 0 = 0 ); 
 

7  ɿʘʢʣʶʯʝʥʠʝ 
 
        ʇʦʩʪpʦʝʥʥʘʷ ʚ ʨʘʙʦʪʝ APLAN-ʧpʦʮʝʜʫpʘ : 
 ï ʚʳʯʠʩʣʷʝʪ ʘʣʛʝʙʨʘʠʯʝʩʢʠʡ ʤʥʦʛʦʯʣʝʥ ʪʦʞʜʝʩʪʚʝʥʥʳʡ ʨʝʰʝʥʠʶ ʟʘʜʘʯʠ 
ʂʦʰʠ ʜʣʷ ʃɼʋʄʂ ʘ-ʤʝʪʦʜʦʤ ɺ.ʂ.ɼʟʷʜʳʢʘ ï ʦʧʪʠʤʘʣʴʥʫʶ ʧʦ ʪʦʯʥʦʩʪʠ 
ʘʧʧʨʦʢʩʠʤʘʮʠʶ ʨʝʰʝʥʠʷ ʟʘʜʘʯʠ ʂʦʰʠ ʜʣʷ ʃɼʋʄʂ; 
 ï ʠʤʝʝʪ ʝʩʪʝʩʪʚʝʥʥʳʡ ʜʣʷ ʤʘʪʝʤʘʪʠʢʠ ʚʠʜ; 
 ï ʚʳʧʦʣʥʷʝʪ ʚʳʯʠʩʣʝʥʠʷ ʚ ʘpʠʬʤʝʪʠʢʝ pʘʮʠʦʥʘʣʴʥʳʭ ʯʠʩʝʣ ï 
    ʥʝ ʚʥʦʩʠʪ ʜʦʧʦʣʥʠʪʝʣʴʥʳʝ ʚʳʯʠʩʣʠʪʝʣʴʥʳʝ ʧʦʛpʝʰʥʦʩʪʠ; 
 ï ʥʝ ʚʳʧʦʣʥʷʝʪ ʥʘʠʙʦʣʝʝ ʩʣʦʞʥʦʝ ʧpʝʦʙpʘʟʦʚʘʥʠʝ ʘ-ʤʝʪʦʜʘ ɺ.ʂ.ɼʟʷʜʳʢʘ ï  
    ʧʨʝʦʙpʘʟʦʚʘʥʠʝ ʟʘʜʘʯʠ ʂʦʰʠ ʚ ʃʀʋʄʂ ʠ,  ʧʦʵʪʦʤʫ, ʣʝʛʢʦ ʚʢʣʶʯʘʝʪʩʷ ʚ  
    ʧʨʦʮʝʜʫʨʳ ʨʝʰʘʶʱʠʝ ʟʘʜʘʯʫ ʂʦʰʠ ʜʣʷ ʆɼʋ ʦʙʱʝʛʦ ʚʠʜʘ ; 
 ï ʠʤʝʝʪ ʧʦ ʧʘpʘʤʝʪpʫ  n  ʧʦʣʠʥʦʤʠʘʣʴʥʫʶ ʩʣʦʞʥʦʩʪʴ 
 

O( n * Q( canplf , n2 ) ) + O( n3 ) ; 
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ʋɼʂ 511.2 

¼©½®·±ò´Ï£ ªò· ò±¹©¡ò©±Ï©ª¨ Ï ò R 

¢. ¬. ÛĈďĆĉĊđðĒ, ¾.¯. ¯ÍÐĆĔğĒĈ 
ɼʦʚʝʜʝʥʦ ʫʟʘʛʘʣʴʥʝʥʥʷ ʪʝʦʨʝʤʠ 3 [1] ʧʨʦ ʟʘʣʝʞʥʽʩʪʴ ʤʽʞ ʽʥʚʘʨʽʘʥʪʘʤʠ R ʽ T, ʷʢʘ 

ʜʘʻ ʤʦʞʣʠʚʽʩʪʴ ʙʫʜʫʚʘʪʠ ʤʥʦʞʠʥʠ, ʜʣʷ ʷʢʠʭ R>CÖT, ʜʝ ʉ ï ʷʢ ʟʘʚʛʦʜʥʦ ʚʝʣʠʢʝ ʜʽʡʩʥʝ 
ʯʠʩʣʦ. ʆʙʯʠʩʣʝʥʦ ʟʥʘʯʝʥʥʷ R ʽ T ʜʣʷ ʤʥʦʞʠʥ, ʱʦ ʥʘʣʽʯʫʶʪʴ 6, 7, 8 ʝʣʝʤʝʥʪʽʚ. 
ʇʨʠʚʦʜʠʪʴʩʷ ʛʝʦʤʝʪʨʠʯʥʘ ʽʥʪʝʨʧʨʝʪʘʮʽʷ ʦʜʝʨʞʘʥʠʭ ʨʝʟʫʣʴʪʘʪʽʚ. 

Generalization of theorem 3 [1] on the dependence between invariants R and T has been 
proved that enables to build up sets for which R>CÖT, where C is any big real number. The 
meanings of R and T have been found for the sets, which consist of 6, 7, 8 elements. 
Geometric interpretation of the obtained data is given. 

 
ɺ ʨʦʙʦʪʽ [1] ʜʦʚʝʜʝʥʘ ʪʝʦʨʝʤʘ 3, ʷʢʘ ʜʘʻ ʤʦʞʣʠʚʽʩʪʴ ʙʫʜʫʚʘʪʠ ʤʥʦʞʠʥʠ, 

ʜʣʷ ʷʢʠʭ R=ʊ+n, ʜʝ n ï ʜʦʚʽʣʴʥʝ ʥʘʧʝʨʝʜ ʟʘʜʘʥʝ ʥʘʪʫʨʘʣʴʥʝ ʯʠʩʣʦ. ʎʷ 
ʪʝʦʨʝʤʘ, ʷʢ ʜʦʚʦʜʠʪʴʩʷ ʥʠʞʯʝ, ʜʦʧʫʩʢʘʻ ʫʟʘʛʘʣʴʥʝʥʥʷ. 

ɿ ʤʝʪʦʶ ʧʦʜʘʣʴʰʦʛʦ ʚʠʢʣʘʜʫ ʨʦʟʛʣʷʥʝʤʦ ʪʘʢʽ ʤʥʦʞʠʥʠ: 
L1= }...,,,0{ 121 -kaaa , aiÍN (i=1, 2,ék-1), 
L2= {2Öak-1+1, 2Öak-1+1+a1,é., 2Öak-1+1+ak-1}, 
L3= {6Öak-1+3, 6Öak-1+3+a1,é., 6Öak-1+3+ak-1},   
éééééééééééééééééé 
Li= {(2Öi- 2)Öak-1+2i-1-1, (2i-2)Öak-1+2i-1-1+a1, é (2i-2)Öak-1+2i-1-1+ak-1}

   
 (i=1, 2 én+1), 

ni
n

i
KLU =

=1
. T (2L1)=T1. ɽʣʝʤʝʥʪʠ L1 ʫʪʚʦʨʶʶʪʴ R1 ʨʽʟʥʠʭ ʜʦʜʘʪʥʠʭ 

ʨʽʟʥʠʮʴ. ɺʚʝʜʝʤʦ ʧʦʟʥʘʯʝʥʥʷ: 
 

(2n+1-2)Ö ak-1+2n-1= A 
(2i-2)Ö ak-1+2i-1-1= Bi (i=1, 2, é, n). 

 
ʊʝʦʨʝʤʘ 4. ɼʣʷ ʧʦʙʫʜʦʚʘʥʠʭ ʤʥʦʞʠʥ Kn ʧʨʠ ʙʫʜʴ-ʷʢʠʭ ʥʘʪʫʨʘʣʴʥʠʭ k ʽ n 
ʤʘʶʪʴ ʤʽʩʮʝ ʨʽʚʥʦʩʪʽ: 

2

2

11
nnRRRn
-

Ö+= ,    (1) 

2

2

1
nnTTn
+

Ö= .   (2) 

ɼʦʚʝʜʥʥʥʷ. ɼʦʚʝʜʝʥʥʷ ʧʨʦʚʝʜʝʤʦ ʤʝʪʦʜʦʤ ʤʘʪʝʤʘʪʠʯʥʦʾ ʽʥʜʫʢʮʽʾ ʧʦ n 
ʧʨʠ ʜʦʚʽʣʴʥʦʤʫ ʬʽʢʩʦʚʘʥʦʤʫ k. 

ʇʨʠ n=1, ʷʢ ʣʝʛʢʦ ʧʝʨʝʚʽʨʠʪʠ, ʬʦʨʤʫʣʠ (1) ʽ (2) ʤʘʶʪʴ ʤʽʩʮʝ. 
1. ʇʨʠʧʫʩʪʠʤʦ, ʱʦ ʬʦʨʤʫʣʘ (1) ʩʧʨʘʚʝʜʣʠʚʘ ʧʨʠ ʥʘʪʫʨʘʣʴʥʦʤʫ n ʽ 

ʧʦʢʘʞʝʤʦ, ʱʦ ʚʦʥʘ ʤʘʻ ʤʽʩʮʝ ʽ ʧʨʠ n+1. 
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ʈʦʟʛʣʷʥʝʤʦ ʨʽʟʥʽ ʨʽʟʥʠʮʽ, ʦʜʝʨʞʘʥʽ ʟʘ ʜʦʧʦʤʦʛʦʶ ʝʣʝʤʝʥʪʽʚ ʤʥʦʞʠʥ Ln+1 
ʽ Li (i=1, 2 é.., n), ʜʝ  

 
Ln+1={ A, A+a1, A+a2, é., A+ak-1} 
Li = { Bi, Bi +a1, Bi+a2, é., Bi+ak-1}: 
 
A-Bi, A-Bi+a1, A-Bi+a2, éé, A-Bi+ak-1, 
A-Bi-a1, A-Bi, A-Bi+a2-a1, é.., A-Bi+ak-1-a1, 
A-Bi-a2, A-Bi+a1-a2, A-Bi, é.., A-Bi+ak-1-a2, 
ééééééééééééééééé.. 
A-Bi-ak-1, A-Bi+a1-ak-1, A-Bi+a2-ak-1, é.., A-Bi. 

 
ɽʣʝʤʝʥʪʠ ʮʠʭ ʤʥʦʞʠʥ, ʷʢʽ ʻ ʨʽʟʥʠʤʠ ʨʽʟʥʠʮʷʤʠ, ʦʯʝʚʠʜʥʦ ʫʪʚʦʨʶʶʪʴ 

ʢʚʘʜʨʘʪʥʫ ʤʘʪʨʠʮʶ, ʥʘʜ ʜʽʘʛʦʥʘʣʣʶ ʷʢʦʾ, ʷʢ ʣʝʛʢʦ ʧʝʨʝʚʽʨʠʪʠ, ʙʫʜʝ R1 ʨʽʟʥʠʭ 
ʨʽʟʥʠʮʴ. ʉʪʽʣʴʢʠ ʞ ʨʽʟʥʠʭ ʨʽʟʥʠʮʴ ʙʫʜʝ ʽ ʧʽʜ ʜʽʘʛʦʥʘʣʣʶ, ʘ ʪʦʤʫ ʝʣʝʤʝʥʪʠ 
ʤʥʦʞʠʥʠ Ln+1 ʫʪʚʦʨʶʶʪʴ ʟ ʝʣʝʤʝʥʪʘʤʠ ʤʥʦʞʠʥʠ Li 1R  ʨʽʟʥʠʭ ʨʽʟʥʠʮʴ, ʜʝ 

1R =2ÖR1+1. ɺʩʴʦʛʦ ʞ ʥʦʚʠʭ ʨʽʟʥʠʮʴ ʦʜʝʨʞʠʤʦ nÖ 1R . ɿʥʘʯʠʪʴ  

.
2

)1()1(
22

2

11

2

111

2

1111
+-+

Ö+=
+

Ö+=Ö+
-

Ö+=Ö+=+
nnRRnnRRRnnnRRRnRR nn

 
ʆʪʞʝ, ʬʦʨʤʫʣʘ (1) ʩʧʨʘʚʜʞʫʻʪʴʩʷ ʽ ʧʨʠ n+1, ʱʦ ʽ ʧʦʪʨʽʙʥʦ ʙʫʣʦ ʜʦʚʝʩʪʠ. 
II. ɼʣʷ ʜʦʚʝʜʝʥʥʷ ʬʦʨʤʫʣʠ (2) ʟʘʣʠʰʠʣʦʩʴ ʧʦʢʘʟʘʪʠ, ʱʦ ʽʟ ʧʨʠʧʫʱʝʥʥʷ, 

ʱʦ ʮʷ ʬʦʨʤʫʣʘ ʩʧʨʘʚʝʜʣʠʚʘ ʧʨʠ ʜʦʚʽʣʴʥʦʤʫ ʥʘʪʫʨʘʣʴʥʦʤʫ n, ʩʣʽʜʫʻ, ʱʦ ʚʦʥʘ 
ʤʘʻ ʤʽʩʮʝ ʽ ʧʨʠ n+1. 

ɿ ʮʽʻʶ ʤʝʪʦʶ ʨʦʟʛʣʷʥʝʤʦ ʥʦʚʽ ʩʫʤʠ, ʷʢʽ ʦʜʝʨʞʫʶʪʴʩʷ ʟʘ ʜʦʧʦʤʦʛʦʶ 
ʝʣʝʤʝʥʪʽʚ ʤʥʦʞʠʥ Ln+1 ʽ Li  (i=1, 2, é.., n+1): 

 
 A+Bi,  A+a1+Bi,  A+a2 +Bi, é.., A+ak-1+Bi, 
 A+Bi+a1,  A+Bi+2Öa1,  A+Bi+a2+a1 , é.., A+Bi+ak-1+a1, 
 A+Bi+a2,  A+Bi+a1+a2,  A+Bi+2Öa2, é.., A+Bi+ak-1+a2, 
 ééééééééééééééééééééé.. 
 A+Bi+ak-1,  A+Bi+a1+ak-1,  A+Bi+a2+ak-1 , é.., A+Bi+2Öak-1. 

 
ʎʽ ʩʫʤʠ ʙʽʣʴʰʽ ʩʫʤ, ʦʜʝʨʞʘʥʠʭ ʟʘ ʜʦʧʦʤʦʛʦʶ ʝʣʝʤʝʥʪʽʚ ʤʥʦʞʠʥʠ Kn , ʽ 

ʾʭ ʙʫʜʝ ʊ1. ɺʩʴʦʛʦ ʞ ʥʦʚʠʭ ʨʽʟʥʠʭ ʩʫʤ ʙʫʜʝ (n+1)Ö ʊ1. ʊʘʢʠʤ ʯʠʥʦʤ  

ʊn+1= ʊn+(n+1)Öʊ1= ʊ1 2
)1()1(

2
22)1(

2

2

1

2

11

2 +++
Ö=

+Ö++
Ö=+Ö+

+ nnTnnnTnTnn , ʱʦ 

ʽ ʜʦʚʦʜʠʪʴ ʬʦʨʤʫʣʫ (2). 
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ʅʘʩʣʽʜʦʢ I. ʗʢʱʦ K1ï ʤʥʦʞʠʥʘ ʩʪʝʧʝʥʽʚ ʟ ʦʩʥʦʚʦʶ a >1 (aÍN) ʽ ʨʽʟʥʠʤʠ 
ʥʘʪʫʨʘʣʴʥʠʤʠ ʧʦʢʘʟʥʠʢʘʤʠ, ʽ T (K1)=k1, ʪʦ ʣʝʛʢʦ ʜʦʚʝʩʪʠ, ʱʦ ʢʽʣʴʢʽʩʪʴ 

ʨʽʟʥʠʭ ʩʫʤ ʝʣʝʤʝʥʪʽʚ ʮʽʻʾ ʤʥʦʞʠʥʠ ʙʫʜʝ T (2K1)= 2
1

2
1 kk + .  

ɼʽʡʩʥʦ, ʧʨʠʧʫʩʪʠʚʰʠ, ʱʦ as+at=ap+aq, ʧʨʠʭʦʜʠʤʦ ʜʦ ʧʨʦʪʠʨʽʯʯʷ, ʷʢʝ 
ʧʦʣʷʛʘʻ ʚ ʪʦʤʫ, ʱʦ ʷʢʱʦ ʣʽʚʫ ʽ ʧʨʘʚʫ ʯʘʩʪʠʥʫ ʮʽʻʾ ʨʽʚʥʦʩʪʽ ʧʦʜʽʣʠʤʦ ʥʘ 
ʤʽʥʽʤʘʣʴʥʫ ʩʪʝʧʽʥʴ, ʥʘʧʨʠʢʣʘʜ aq, ʪʦ ʦʜʝʨʞʠʤʦ as-q+at-q=ap-q+1. ɿʚʽʜʩʠ 
ʚʠʧʣʠʚʘʻ, ʱʦ ʯʠʩʣʦ 1 ʧʦʚʠʥʥʝ ʜʽʣʠʪʠʩʷ ʥʘ a, ʱʦ ʥʝʤʦʞʣʠʚʦ. 

ɸʥʘʣʦʛʽʯʥʦ ʜʦʚʦʜʠʪʴʩʷ, ʱʦ ʯʠʩʣʦ ʨʽʟʥʠʭ ʜʦʜʘʪʥʠʭ ʨʽʟʥʠʮʴ 

ʦʙʯʠʩʣʶʻʪʴʩʷ ʟʘ ʬʦʨʤʫʣʦʶ 
2

1
2

1
1

kkR -
=  ʽ 11

2
11 +-= kkR . 

ɿʘʩʪʦʩʫʚʘʚʰʠ ʪʝʦʨʝʤʫ 4, ʦʜʝʨʞʠʤʦ ʤʥʦʞʠʥʫ ʟ ʪʘʢʠʤʠ ʟʥʘʯʝʥʥʷʤʠ T2 i 

2R : T2=T1Ö ,
2

2
2

2 kk +
)1( 2

2
212 +-Ö= kkRR . 

ɿʘʩʪʦʩʫʚʘʚʰʠ ʮʶ ʪʝʦʨʝʤʫ (m-1) ʨʘʟ, ʧʨʠʭʦʜʠʤʦ ʜʦ ʤʥʦʞʠʥʠ, ʜʣʷ ʷʢʦʾ  

)1(,
2

2

1

2

1
+-=

+
=

==
ii

m

i
m

ii
m

i
m kkRkkT ʇʇ . 

ʆʪʞʝ, ʧʨʠ ʜʦʩʠʪʴ ʚʝʣʠʢʠʭ m (mÍN) , ʙʫʜʝʤʦ ʦʜʝʨʞʫʚʘʪʠ ʤʥʦʞʠʥʠ ʟ ʷʢ 
ʟʘʚʛʦʜʥʦ ʚʝʣʠʢʠʤʠ ʟʥʘʯʝʥʥʷʤʠ Tm i  mR . 

 
ʅʘʩʣʽʜʦʢ 2. ʊʝʦʨʝʤʘ 4 ʜʦʟʚʦʣʷʻ ʙʫʜʫʚʘʪʠ ʪʘʢʽ ʤʥʦʞʠʥʠ, ʜʣʷ ʷʢʠʭ 
R<T<R+T(K), ʽ ʤʥʦʞʠʥʠ, ʜʣʷ ʷʢʠʭ T<R.  

ɼʝʷʢʽ ʟ ʪʘʢʠʭ ʤʥʦʞʠʥ ʚʢʘʟʘʥʽ ʫ ʥʘʚʝʜʝʥʽʡ ʥʠʞʯʝ ʪʘʙʣʠʮʽ. 
 

ˉ  
ʟ/ʧ k n (R1, T1) Tn Rn T (Kn)=nÖk 
1.  3 7 (3, 6) 168 150 21 
2.  4 5 (6, 10) 150 136 20 
3.  6 4 (15. 21) 210 201 24 
4.  4 6 (5, 9) 189 170 24 
5.  5 5 (7, 12) 180 157 25 
6.  6 5 (14, 20) 300 304 30 
7.  5 6 (10, 15) 315 325 30 
8.  8 4 (27, 35) 350 357 32 
9.  7 7 (21, 28) 784 924 49 
10.  8 4 (28, 36) 360 370 32 

 
ɿʥʘʯʝʥʥʷ R ʽ T ʜʣʷ  ʤʥʦʞʠʥ, ʱʦ ʥʘʣʽʯʫʶʪʴ 6-ʪʴ ʝʣʝʤʝʥʪʽʚ 

 
ʐʝʩʪʠʝʣʝʤʝʥʪʥʽ ʤʥʦʞʠʥʠ ʙʝʨʫʪʴʩʷ ʟ ʪʘʙʣʠʮʴ 1, 11 ʨʦʙʦʪʠ [3]. 
ɯʥʬʦʨʤʘʮʽʷ ʧʨʦ ʢʣʘʩʠʬʽʢʘʮʽʶ ʮʠʭ ʤʥʦʞʠʥ ʟʘ ʟʥʘʯʝʥʥʷʤʠ R ʽ T 

ʧʨʠʚʝʜʝʥʘ ʥʠʞʯʝ, ʜʝ, ʥʘʧʨʠʢʣʘʜ, ʟʘʧʠʩ (12, 18), (19), ˉ 49 ʦʟʥʘʯʘʻ: (12, 18) ï 
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ʚʽʜʧʦʚʽʜʥʽ ʟʥʘʯʝʥʥʷ R ʽ T, (19) ï ʢʽʣʴʢʽʩʪʴ ʤʥʦʞʠʥ ʟ ʪʘʢʠʤʠ ʟʥʘʯʝʥʥʷʤʠ R ʽ T, 
ʘ ˉ 49 ï ʥʘʡʤʝʥʰʠʡ ʥʦʤʝʨ ʪʘʢʦʾ ʤʥʦʞʠʥʠ. 

 
1. (15, 21), (1), ˉ 17.  
2. (14, 20), (1), ˉ 214. 
3. (13, 20), (1), ˉ 36. 
4. (13, 19), (4), ˉ 57. 
5. (12, 19), (9), ˉ 28. 
6. (11, 19), (3), ˉ 24. 
7. (9,19), (1), ˉ 45. 
8. (12, 18), (19), ˉ 49. 
9. (11, 18), (39), ˉ 3. 
10.  (10, 18), (18), ˉ 16. 
11. (11, 17), (30), ˉ 36. 
12. (10, 17), (41), ˉ1. 
13. (9, 17), (16), ˉ 6. 

 

14. 8, 17), (2), ˉ 29. 
15. (10, 16), (16), ˉ 142. 
16. (9, 16), (30), ˉ 9. 
17. (8, 16), (9), ˉ 10. 
18. (9, 15), (8), ˉ 68. 
19. (8, 15), (12), ˉ8. 
20. (7, 15), (5), ˉ 18. 
21. (8, 14), (4), ˉ 126. 
22. (7, 14), (5), ˉ 91. 
23. (7, 13), (2), ˉ 12. 
24. (6, 13), (3), ˉ 64. 
25. (6, 12), (1), ˉ 120. 
26. (5, 11), (1), ˉ 119. 

 
 

ʇʨʠʤʽʪʢʘ. ɺ ʨʦʙʦʪʽ [3] ʻ ʦʧʠʩʢʘ: ʤʥʦʞʠʥʠ ˉ 215 ʽ ˉ 220 ʦʜʥʘʢʦʚʽ. 
 

ɿʥʘʯʝʥʥʷ R ʽ T ʜʣʷ ʤʥʦʞʠʥ, ʱʦ ʥʘʣʽʯʫʶʪʴ 7 ʝʣʝʤʝʥʪʽʚ 

 
1. (21, 28), {0, 1, 3, 7, 12, 20, 30} 
2. (20, 27), {0, 1, 3, 7, 12, 20, 28} 
3. (19, 27), {0, 1, 3, 7, 12, 20, 25} 
4. (19, 26), {0, 4, 5, 8, 14, 16, 29} 
5. (18, 26), {0, 1, 3, 7, 12, 20, 24} 
6. (18, 25), {0, 3, 6, 10, 12, 20, 31} 
7. (17, 26), {0, 1, 3, 4, 9, 11, 23} 
8. (17, 25), {0, 4, 5, 8, 14, 16, 21} 
9. (17, 24), {0, 1, 9, 11, 15, 18, 21} 
10. (16, 25), {0, 1, 3, 4, 9, 11, 22} 
11. (16, 24) {0, 1, 5,8, 10, 16, 18} 
12. (16, 23), {0, 1, 2, 3, 5, 11, 18} 
13. (15, 26), {0, 1, 4, 6, 9, 10, 21} 
14. (15, 25), {0, 1, 3, 4, 9, 11, 16} 
15. (15, 24), {0, 1, 3, 9, 12, 13, 17} 
16. (15, 23), {0, 1, 4, 7, 14, 15, 16} 
17. (15, 22), {0, 2, 3, 4, 5, 10, 19} 
18. (14, 25), {0, 1, 4, 6, 9, 10, 20} 
19. (14, 24), {0, 1, 4, 7, 8, 17, 18} 
20. (14, 23), {0, 1, 8, 9, 10, 13, 15} 

28. (12, 23), {0, 1, 2, 4, 9, 12, 13} 
29. (12, 22), {0, 1, 2, 6, 8, 11, 12} 
30. (12, 21), {0, 1, 2, 3, 8, 11, 12} 
31. (12, 20), {0, 1, 2, 3, 5, 11, 12} 
32. (12, 19), {0, 1, 2, 3, 4, 6, 13} 
33. (11, 22), {0, 1, 2, 4, 9, 11, 12} 
34. (11, 21), {0, 1, 2, 4, 8, 11, 12} 
35. (11, 20), {0, 1, 2, 4, 6, 10, 11} 
36. (11, 19), {0, 1, 2, 3, 5, 10, 11} 
37. (11, 18), {0, 1, 2, 3, 4, 5, 11} 
38. (10, 21), {0, 1, 2, 4, 8, 10, 11} 
39. (10, 20), {0, 1, 2, 4, 6, 9, 10} 
40. (10, 19), {0, 1, 2, 6, 7, 11, 12} 
41. (10, 18), {0, 1, 2, 3, 4, 9, 10} 
42. (10, 17), {0, 1, 2, 3, 4, 6, 10} 
43. (9, 19), {0, 1, 2, 5, 6, 8, 9} 
44. (9, 18), {0, 1, 2, 3, 6, 8, 9} 
45. (9, 17), {0, 1, 2, 3, 4, 8, 9} 
46. (9, 16), {0, 1, 2, 3, 4, 5, 9} 
47. (8, 17), {0, 1, 2, 5, 6, 7, 8} 
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21. (14, 22), {0, 1, 2, 4, 7, 13, 15} 
22. (14, 21), {0, 1, 2, 3, 5, 8, 17} 
23. (13, 24), {0, 1, 2, 5, 11, 13, 16} 
24. (13, 23), {0, 1, 2, 7, 9, 12, 13} 
25. (13, 22), {0, 1, 7, 8 , 10, 13, 15} 
26. (13, 21), {0, 1, 2, 6, 7, 10, 13} 
27. (13, 20), {0, 1, 2, 3, 5, 9, 13} 
 

48. (8, 16), {0, 1, 2, 3, 4, 7, 8} 
49. (8, 15), {0, 1, 2, 3, 4, 6, 8} 
50. (7, 15), {0, 1, 2, 3, 4, 6, 7} 
51. (7, 14), {0, 1, 2, 3, 4, 5, 7} 
52. (6, 13), {0, 1, 2, 3, 4, 5, 6} 
 

 
ɿʥʘʯʝʥʥʷ R ʽ T ʜʣʷ  ʤʥʦʞʠʥ, ʱʦ ʥʘʣʽʯʫʶʪʴ 8 ʝʣʝʤʝʥʪʽʚ 

 
1. (28, 36), {0, 1, 3, 7, 12, 20, 30, 61} 
2. (27, 35), {0, 1, 3, 7, 12, 20, 28, 57} 
3. (26, 35), {0, 1, 3, 7, 12, 20, 25, 51} 
4. (26, 34), {0, 4, 5, 8, 14, 16, 29, 59} 
5. (25, 34), {0, 1, 3, 7, 12, 20, 24, 49} 
6. (25, 33), {0, 3, 6, 10, 12, 20, 31, 63} 
7. (24, 34), {0, 1, 3, 4, 9, 11, 23, 47} 
8. (24, 33), {0, 4, 5, 8, 14, 16, 21, 43} 
9. (24, 32), {0, 1, 9, 11, 15, 18, 21, 43} 
10. (23, 33), {0, 1, 3, 4, 9, 11, 22, 45} 
11. (23, 32), {0, 3, 6, 10, 12, 20, 31, 32} 
12. (23, 31), {0, 1, 2, 3, 5, 11, 18, 37} 
13. (22, 34), {0, 1, 4, 6, 9, 10, 21, 43} 
14. (22, 33), {0, 1, 3, 7, 12, 20, 25, 26} 
15. (22, 32), {0, 1, 3, 9, 12, 13, 17, 35} 
16. (22, 31), {0, 1, 4, 7, 14, 15, 16, 33} 
17. (22, 30), {0, 2, 3, 4, 5, 10, 19, 39} 
18. (21, 33), {0, 1, 4, 6, 9, 10, 20, 41} 
19. (21, 32), {0, 1, 4, 7, 8, 17, 18, 37} 
20. (21, 31), {0, 1, 8, 9, 10, 13, 15, 31} 
21. (21, 30), {0, 1, 2, 4, 7, 13, 15, 31} 
22. (21, 29), {0, 1, 2, 3, 5, 8, 17, 35} 
23. (20, 32), {0, 1, 2, 5, 11, 15,16, 33} 
24. (20, 31), {0, 1, 3, 4, 9, 11, 22, 23} 
25. (20, 30), {0, 1, 7, 8, 10, 13, 15, 31} 
26. (20, 29), {0, 1, 2, 6, 7, 10, 13, 27} 
27. (20, 28), {0, 1, 2, 3, 5, 9, 13, 27} 
28. (19, 32), {0, 1, 4, 6, 9, 10, 21, 22} 
29. (19, 31), {0, 1, 2, 4, 9, 12, 13, 27} 
30. (19, 30), {0, 1, 9, 11, 15, 18,21, 22} 
31. (19, 29), {0, 1, 2, 3, 8, 11, 12, 25} 
32. (19, 28), {0, 1, 2, 3, 5, 11, 12, 25} 
33. (19, 27), {0, 1, 2, 3, 4, 6, 13, 27} 
34. (18, 31), {0, 1, 4, 6, 9, 10, 20, 21} 
35. (18, 30), {0, 1, 2, 4, 9, 11, 12, 25} 
36. (18, 29), {0, 1, 5, 8,10, 16, 18, 19} 
37. (18, 28), {0, 1, 2, 4, 6, 10, 11, 23} 

48.  (16, 27), {0, 1, 2, 3, 7, 11, 15, 16} 
49. (16, 26), {0, 1, 4, 7, 14, 15, 16, 17} 
50. (16, 25), {0, 1, 2, 3, 4, 9, 14, 16} 
51. (16, 24), {0, 1, 2, 3, 4, 5, 9, 19} 
52. (15, 29), {0, 1, 2, 5, 8, 11, 15, 16} 
53. (15, 28), {0, 1, 2, 5, 11, 15, 16, 17} 
54. (15, 27) {0, 1, 2, 4, 7, 13, 15, 16} 
55. (15, 26 ), {0, 1, 8, 9, 10, 13, 15, 16} 
56. (15, 25), {0, 1, 2, 5, 6, 7, 8, 17} 
57. (15, 24), {0, 1, 2, 3, 4, 7, 8, 17} 
58. (15, 23), {0, 1, 2, 3, 4, 6, 8, 17} 
59. (14, 27), {0, 1, 2, 5, 8, 12, 13, 14} 
60. (14, 26), {0, 1, 2, 7, 9, 12, 13, 14} 
61. (14, 25), {0, 1, 2, 3, 5, 9, 13, 14} 
62. (14, 24), {0, 1, 2, 3, 4, 9, 11, 14} 
63. (14, 23), {0, 1, 2, 3, 4, 6, 13, 14} 
64. (14, 22), {0, 1, 2, 3, 4, 6, 11, 14} 
65. (13, 26), {0, 1, 2, 4, 9, 12, 13, 14} 
66. (13, 25), {0, 1, 2, 4, 8, 11, 12, 13} 
67. (13, 24), {0, 1, 2, 3, 8, 11, 12, 13} 
68. (13, 23), {0, 1, 2, 3, 5, 11, 12, 13} 
69. (13, 22), {0, 1, 2, 3, 5, 8, 10, 13} 
70. (13, 21), {0, 1, 2, 3, 4, 6, 8, 13} 
71. (12, 25), {0, 1, 2, 4, 9, 11, 12, 13} 
72. (12, 24), {0, 1, 2, 4, 6, 8, 11, 12} 
73. (12, 23), {0, 1, 2, 4, 6, 10, 11, 12} 
74. (12, 22), {0, 1, 2, 3, 5, 10, 11, 12} 
75. (12, 21), {0, 1, 2, 3, 4, 5, 11, 12} 
76. (12, 20), {0, 1, 2, 3, 4, 5, 8, 12} 
77. (12, 26), {0, 2, 3, 4, 7, 11, 12, 14} 
78. (11, 23), {0, 1, 2, 4, 8, 10, 11, 12} 
79. (11, 22), {0, 1, 2, 3, 6, 8, 9, 11} 
80. (11, 21), {0, 1, 2, 3, 4, 9, 10, 11} 
81. (11, 20), {0, 1, 2, 3, 4, 5, 9, 11} 
82. (11, 19), {0, 1, 2, 3, 4, 5, 8, 11} 
83. (10, 21), {0, 1, 2, 5, 6, 8, 9, 10} 
84. (10, 20), {0, 1, 2, 3, 4, 8, 9, 10} 
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38. (18, 27), {0, 1, 2, 3, 5, 11, 18, 19} 
39. (18, 26), {0, 1, 2, 3, 4, 5, 11, 23} 
40. (17, 30), {0, 1, 3, 4, 9, 11, 16, 17} 
41. (17, 29), {0, 1, 3, 9, 12, 13, 17, 18} 
42. (17, 28), {0, 1, 2, 4, 6, 9, 10, 21} 
43. (17, 27), {0, 1, 2, 6, 7, 11, 12, 25} 
44. (17, 26), {0, 2, 3, 4, 5, 10, 19, 20} 
45. (17, 25), {0, 1, 2, 3, 4, 6, 10, 21} 
46. (16, 29), {0, 1, 3, 4, 9, 11, 15, 16} 
47. (16, 28), {0, 1, 2, 5, 8, 11, 14, 16} 

85. (10, 19), {0, 1, 2, 3, 4, 5, 9, 10} 
86. (10, 18), {0, 1, 2, 3, 4, 6, 8, 10} 
87. (9, 19), {0, 1, 2, 5, 6, 7, 8, 9} 
88. (9, 18), {0, 1, 2, 3, 4, 5, 8, 9} 
89. (9, 17), {0, 1, 2, 3, 4, 5, 7, 9} 
90. (8, 17), {0, 1, 2, 3, 4, 6, 7, 8} 
91. (8, 16), {0, 1, 2, 3, 4, 5, 6, 8} 
92. (7, 15), {0, 1, 2, 3, 4, 5, 6, 7} 

 
ɻʝʦʤʝʪʨʠʯʥʘ ʽʥʪʝʨʧʨʝʪʘʮʽʷ 

ɺʽʜʦʤʦ, ʱʦ 2Ök-1
2

2 kkT +
¢¢  (ʜʠʚ. [2], ʩʪʦʨ. 19), ʘ k-1

2

2 kkR -
¢¢  (ʜʠʚ. [2], 

ʩʪʦʨ. 57). 
ɺ ʧʨʷʤʦʢʫʪʥʽʡ ʩʠʩʪʝʤʽ ʢʦʦʨʜʠʥʘʪ ROT ʧʦʙʫʜʫʻʤʦ ʢʚʘʜʨʘʪ ɸɺʉɼ (k) , 

ʢʦʦʨʜʠʥʘʪʠ ʚʝʨʰʠʥ ʷʢʦʛʦ ʻ:  

ɸ (k -1; 2Ök-1), ɺ ( ;
2

2 kk - 2Ök-1), ʉ ( ;
2

2 kk -
2

2 kk + ), ɼ (k-1, 
2

2 kk + ). ʎʝʡ 

ʢʚʘʜʨʘʪ ʟʦʙʨʘʞʝʥʠʡ ʥʘ ʤʘʣ. 1 ʧʨʠ ʟʥʘʯʝʥʥʽ k=6. 
ɼʣʷ ʤʥʦʞʠʥʠ L1= }...,,,0{ 121 -kaaa , aiÍN (i=1, 2,ék-1)   T (L1)=k, T 

(2ÖL1)=T, ʘ ʢʽʣʴʢʽʩʪʴ ʨʽʟʥʠʭ ʜʦʜʘʪʥʽʭ ʨʽʟʥʠʮʴ ʝʣʝʤʝʥʪʽʚ ʤʥʦʞʠʥʠ L1  ʜʦʨʽʚʥʶʻ 
R. ʂʦʞʥʽʡ ʤʥʦʞʠʥʽ }...,,,0{ 121 -kaaa  ʧʦʩʪʘʚʠʤʦ ʫ ʚʽʜʧʦʚʽʜʥʽʩʪʴ ʪʦʯʢʫ ʟ 
ʢʦʦʨʜʠʥʘʪʘʤʠ (R, T). 
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2

2 kk +
 

 
 
 
 
 
 
 
 
   2k-1 
    
 
 
 
 
 
 
         0 

       5         15   R 
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ʊʦʯʢʠ ʟ ʢʦʦʨʜʠʥʘʪʘʤʠ (R, T) ʥʝ ʚʠʭʦʜʷʪʴ ʟʘ ʤʝʞʽ ʢʚʘʜʨʘʪʘ ɸɺʉɼ (k). 
ʈʽʚʥʷʥʥʷ ʜʽʘʛʦʥʘʣʽ (ɸʉ) ʮʴʦʛʦ ʢʚʘʜʨʘʪʘ ʤʘʻ ʚʠʛʣʷʜ ʊ=R+k. ʇʨʷʤʘ 
ʊ= 12 +Ö= RR  ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ ʚʝʨʰʠʥʫ ɸ ʽ ʧʝʨʝʪʠʥʘʻ ʩʪʦʨʦʥʫ [ʉɼ] ʢʚʘʜʨʘʪʘ 
ʚ ʪʦʯʮʽ  

ʄ (
2

;
4

2 22 kkkk +-+ ). ʆʜʝʨʞʘʥʠʡ ʪʨʠʢʫʪʥʠʢ ɸʄʉ (k) ʙʫʜʝʤʦ ʥʘʟʠʚʘʪʠ 

ʢʨʠʪʠʯʥʠʤ. ɺʠʷʚʣʷʻʪʴʩʷ , ʱʦ ʧʨʠ 7¢k  ʪʦʯʢʠ ʟ ʢʦʦʨʜʠʥʘʪʘʤʠ (R, T) ʥʝ 
ʚʠʭʦʜʠʪʴ  ʟʘ ʤʝʞʽ ʚʽʜʧʦʚʽʜʥʦʛʦ ʢʨʠʪʠʯʥʦʛʦ ʪʨʠʢʫʪʥʠʢʘ. 

ɹʽʩʝʢʪʨʠʩʘ T=R ʧʝʨʝʪʠʥʘʻ ʩʪʦʨʦʥʠ ʢʚʘʜʨʘʪʘ ɸɺʉɼ (k) (k 5² ) ʚ ʪʦʯʢʘʭ  

N (2k-1, 2k-1) ʽ P (
2

2 kk - ,
2

2 kk - ). ʊʦʯʢʠ, ʱʦ ʚʽʜʧʦʚʽʜʘʶʪʴ ʤʥʦʞʠʥʘʤ ˉ1-ˉ5 

ʽʟ ʥʘʩʣʽʜʢʫ 2, ʧʦʧʘʜʘʶʪʴ ʫ ʚʥʫʪʨʽʰʥʶ ʦʙʣʘʩʪʴ ʚʽʜʧʦʚʽʜʥʦʾ ʪʨʘʧʝʮʽʾ ɸNPC (k). 
ʊʦʯʢʠ ʞ, ʱʦ ʚʽʜʧʦʚʽʜʘʶʪʴ ʤʥʦʞʠʥʘʤ ˉ6-ˉ10, ʧʦʧʘʜʘʶʪʴ ʫ ʚʥʫʪʨʽʰʥʶ 
ʦʙʣʘʩʪʴ ʚʽʜʧʦʚʽʜʥʦʛʦ ʪʨʠʢʫʪʥʠʢʘ NPB (k). 

ɼʣʷ ʢ=8 ʢʚʘʜʨʘʪ ɸɺʉɼ (8) ʟʦʙʨʘʞʝʥʠʡ ʥʘ ʤʘʣ. 2. 
      
      T 
 
     36 
     35 
     34 
     33 
     32  
     31 
     30 
     29 
     28 
     27 
     26 
     25 
     24 
     23 
     22 
     21 
     20 
     19 
     18 
     17 
     16 
 

   8   9  10   11   12   13  14   15  16   17  18   19  20    21  22  23  24   25    26   27   28  R (7,15) 

(28, 36) 

 
ʄʘʣ. 2 

ɺ 1973ʨ. ʦʜʝʨʞʘʥʘ ʤʥʦʞʠʥʘ (13, 28), {0, 1, 2, 4, 5, 9, 12, 13, 14} [4]. ʎʝ 
ʧʨʠʚʝʣʦ ʜʦ ʦʮʽʥʢʠ: 

0175,1
55lg
59lg

lg
lg

º=
R
T . 

ɺ 2004 ʨ. ʂʫʟʥʝʮʦʚ ʉ.ʊ. ʟʥʘʡʰʦʚ ʤʥʦʞʠʥʠ ʟ ʪʘʢʠʤʠ ʟʥʘʯʝʥʥʷʤʠ (R, T): 
(12, 26), (23, 51)/ 

ʇʽʟʥʽʰʝ ʇʽʛʘʨʴʦʚ ʖ.ʇ. ʧʦʙʫʜʫʚʘʚ ʤʥʦʞʠʥʠ ʟ ʥʘʩʪʫʧʥʠʤʠ ʟʥʘʯʝʥʥʷʤʠ 
(R, T): (30, 67), (37, 83), (44, 99), (51, 119). 
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ʄʥʦʞʠʥʘ (51, 115), {0, 1, 2, 4, 5, 9, 12, 13, 17, 20, 21, 25, 28, 29, 33, 35, 37, 
41, 44, 45, 49, 52, 53, 54, 56, 57} ʧʨʠʚʦʜʠʪʴ ʜʦ ʦʮʽʥʢʠ: 

02378,1
103lg
115lg
º . 

ʇʨʦʩʪʦʨʦʚʘ ʛʝʦʤʝʪʨʠʯʥʘ ʽʥʪʝʨʧʨʝʪʘʮʽʷ ʚ ʩʠʩʪʝʤʽ ʢʦʦʨʜʠʥʘʪ (R, T, k) ʧʨʠ 
k=5, 6, 7, 8 ʥʘʚʝʜʝʥʘ ʥʘ ʤʘʣ 3, ʜʝ ʟʦʙʨʘʞʝʥʽ ʚʽʜʧʦʚʽʜʥʽ ʢʚʘʜʨʘʪʠ. 

k
T

R

1

2

3

4

5

6

7

8

9

10

2 4 6 8 1 0 1 2 1 4 1 6 1 8 2 0 2 2 2 4 2 6 2 8 3 0
4 8

12
16

2 0
2 4

2 8
3 2

3 6
4 0

(28 ,3 6,8)

(2 1,28 ,7)

(1 5,21 ,6)

(10 ,15,5)(4 ,9 ,5 )

(5,11 ,6 )

(6,13 ,7 )

(7 ,15 ,8 )

ʄ ʘʣ. 3
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ʋɼʂ 517.91 

¿®¡òº§¨Þ±ò ¡º¼¹ËĎ¼¸¨ ´¨´Ï®ª ½ò±ò¯±¨² 
§¨¬®¡®±ßò©½£±¨² ¡ò¹±Ď±£ ¼ò ´Ï©½¨ª¨ 

¸º®¬òßòÊ±Ï©ª¨ ò ¿®¡òº§¨Þ±¨ª¨ ¹ò½£±¨ª¨ 
Þ½®±©ª¨ 

¢. . ªýěđÍĔ, £. .ªýěđÍĔ,  .Ç. ¯ĊĖġĔĊđðĒ  
ʋ ʩʪʘʪʪʽ ʜʦʩʣʽʜʞʫʶʪʴʩʷ ʫʤʦʚʠ ʽʩʥʫʚʘʥʥʷ ʊ-ʧʝʨʽʦʜʠʯʥʠʭ ʨʦʟʚôʷʟʢʽʚ ʩʠʩʪʝʤ 

ʣʽʥʽʡʥʠʭ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ ʧʝʨʰʦʛʦ ʧʦʨʷʜʢʫ ʟʽ ʩʪʘʣʠʤʠ ʢʦʝʬʽʮʽʻʥʪʘʤʠ  ̔ ʊ-
ʧʝʨʽʦʜʠʯʥʠʤʠ ʚʽʣʴʥʠʤʠ ʯʣʝʥʘʤʠ ʫ ʚʠʧʘʜʢʫ ʧʨʦʩʪʠʭ ʢʦʨʝʥʽʚ ʭʘʨʘʢʪʝʨʠʩʪʠʯʥʦʛʦ 
ʨʽʚʥʷʥʥʷ ʩʠʩʪʝʤʠ. 

ɼʦʩʣʽʜʞʝʥʥʶ ʫʤʦʚ ʽʩʥʫʚʘʥʥʷ ʊ-ʧʝʨʽʦʜʠʯʥʠʭ ʨʦʟʚôʷʟʢʽʚ ʩʠʩʪʝʤ ʣʽʥʽʡʥʠʭ 
ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ ʟ ʧʝʨʽʦʜʠʯʥʠʤʠ ʢʦʝʬʽʮʽʻʥʪʘʤʠ ʧʨʠʩʚʷʯʝʥʦ ʯʠʤʘʣʦ 
ʨʦʙʽʪ [1,2]. ʗʢ ʚʽʜʦʤʦ [3,4], ʪʦʯʥʠʡ ʨʦʟʚôʷʟʦʢ ʩʝʨʝʜ ʥʘʟʚʘʥʠʭ ʩʠʩʪʝʤ ʤʘʶʪʴ 
ʩʠʩʪʝʤʠ ʟʽ ʩʪʘʣʠʤʠ ʢʦʝʬʽʮʽʻʥʪʘʤʠ ʽ ʊ-ʧʝʨʽʦʜʠʯʥʠʤʠ ʟʤʽʥʥʠʤʠ ʯʣʝʥʘʤʠ. 
ʊʘʢʠʤʠ ʩʠʩʪʝʤʘʤʠ ʦʧʠʩʫʶʪʴʩʷ ʢʦʣʠʚʘʥʥʷ ʚ ʨʽʟʥʠʭ ʤʝʭʘʥʽʯʥʠʭ ʽ ʬʽʟʠʯʥʠʭ 
ʩʠʩʪʝʤʘʭ. ʆʪʞʝ, ʚʽʜʰʫʢʘʥʥʷ ʫʤʦʚ ʽʩʥʫʚʘʥʥʷ ʊ-ʧʝʨʽʦʜʠʯʥʠʭ ʨʦʟʚôʷʟʢʽʚ ʮʠʭ 
ʩʠʩʪʝʤ ʻ ʥʘʛʘʣʴʥʦʶ ʟʘʜʘʯʝʶ, ʯʦʤʫ ʡ ʧʨʠʩʚʷʯʝʥʘ ʜʘʥʘ ʩʪʘʪʪʷ.  

ʉʠʩʪʝʤʘ 
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ʥʘʟʠʚʘʻʪʴʩʷ ʥʝʦʜʥʦʨʽʜʥʦʶ ʩʠʩʪʝʤʦʶ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ n-ʛʦ ʧʦʨʷʜʢʫ 
ʟʽ ʩʪʘʣʠʤʠ ʢʦʝʬʽʮʽʻʥʪʘʤʠ. 
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ʗʢʱʦ ʤʘʪʨʠʮʷ ʈ ʩʠʩʪʝʤʠ (2) ʤʘʻ ʧʨʦʩʪʽ ʭʘʨʘʢʪʝʨʠʩʪʠʯʥʽ ʯʠʩʣʘ, ʪʦ ʪʘʢʫ 
ʩʠʩʪʝʤʫ, ʷʢ ʚʽʜʦʤʦ ʟ ʪʝʦʨʽʾ ʤʘʪʨʠʮʴ [5], ʤʦʞʥʘ ʟʘʧʠʩʘʪʠ ʪʘʢ 

)(1 xfyTTy +L=
¡

-  (3) 
ʜʝ L -ʜʽʘʛʦʥʘʣʴʥʘ ʤʘʪʨʠʮʷ 
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÷
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l
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ʄʘʪʨʠʮʷ ʊ-ʤʘʻ ʩʚʦʾʤʠ ʩʪʦʚʧʮʷʤʠ ʚʣʘʩʥʽ ʚʝʢʪʦʨʠ ʤʘʪʨʠʮʽ ʈ. 
ʇʦʤʥʦʞʠʤʦ ʟʣʽʚʘ ʚʩʽ ʯʘʩʪʠʥʠ ʨʽʚʥʷʥʥʷ ʥʘ ʊ-1, ʦʜʝʨʞʠʤʦ 

( ) ( ) )(111 xfTyTyT --- +L=
¡

 
ɸʙʦ ʧʽʩʣʷ ʟʘʤʽʥʠ 
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ʅʝʭʘʡ  )(xf  - ʊ-ʧʝʨʽʦʜʠʯʥʘ ʚʝʢʪʦʨ-ʬʫʥʢʮʽʷ. ʊʦʙʪʦ 
)()( xfTxf =+  

ʉʠʩʪʝʤʘ (4) ʫ ʨʦʟʛʦʨʥʫʪʦʤʫ ʚʠʛʣʷʜʽ ʙʫʜʝ ʪʘʢʦʶ 
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xzz
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nnn jl

jl

jl

+=¡
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 (5) 

ʜʝ 

nixftx
n

k
kiki ,1;)()(

1
=¡=ä

=

j  (6) 

ʘ ),1;,1(; nknitik ==  ʝʣʝʤʝʥʪʠ ʤʘʪʨʠʮʽ ʊ-1. ʆʩʢʽʣʴʢʠ ʬʫʥʢʮʽʾ ),1();( nixf i =  ʊ-
ʧʝʨʽʦʜʠʯʥʽ, ʪʦ ʟʛʽʜʥʦ (6), ʙʫʜʫʪʴ ʊ-ʧʝʨʽʦʜʠʯʥʽ ʽ ʬʫʥʢʮʽʾ ),1();( nixi =j . 

ʇʨʦʙʣʝʤʘ ʚʽʜʰʫʢʘʥʥʷ ʊ-ʧʝʨʽʦʜʠʯʥʠʭ ʨʦʟʚôʷʟʢʽʚ ʥʝʦʜʥʦʨʽʜʥʦʾ ʩʠʩʪʝʤʠ 
(1) ʟ ʊ-ʧʝʨʽʦʜʠʯʥʠʤʠ ʚʽʣʴʥʠʤʠ ʯʣʝʥʘʤʠ  ʟʚʝʣʘʩʷ ʜʦ ʚʽʜʰʫʢʘʥʥʷ ʊ-
ʧʝʨʽʦʜʠʯʥʠʭ ʨʦʟʚôʷʟʢʽʚ ʦʢʨʝʤʠʭ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ (5) 

nixzz iiii ,1),( =+=¡ jl  (7) 
ʉʧʦʯʘʪʢʫ ʨʦʟʛʣʷʥʝʤʦ ʦʜʥʦʨʽʜʥʽ ʨʽʚʥʷʥʥʷ 

nizz iii ,1, ==¡ l  
ɰʭ ʨʦʟʚôʷʟʢʘʤʠ ʙʫʜʫʪʴ ʬʫʥʢʮʽʾ 

nieCz x
ii

i ,1, ==¡ l      (8) 
ʜʝ constCi - . 
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ʄʝʪʦʜʦʤ ʚʘʨʽʘʮʽʾ ʜʦʚʽʣʴʥʦʾ ʩʪʘʣʦʾ ʟʥʘʭʦʜʠʤʦ ʟʘʛʘʣʴʥʠʡ ʨʦʟʚôʷʟʦʢ 
ʥʝʦʜʥʦʨʽʜʥʠʭ ʨʽʚʥʷʥʴ 
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ʊʦʜʽ ʟʘʛʘʣʴʥʽ ʨʦʟʚôʷʟʢʠ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ (7) ʤʘʪʠʤʫʪʴ ʚʠʛʣʷʜ 

ñ -+=
x

i
xxx

ii dxxeeeCz iii

0

)(jlll  (10) 

ʈʦʟʚôʷʟʦʢ ʩʠʩʪʝʤʠ (1) ʤʘʪʠʤʝ ʚʠʛʣʷʜ 
HzTzTzTy +== 0   

ʜʝ 01 zTy =  - ʟʘʛʘʣʴʥʠʡ ʨʦʟʚôʷʟʦʢ ʦʜʥʦʨʽʜʥʦʾ ʩʠʩʪʝʤʠ, HzTy =2  - ʯʘʩʪʢʦʚʠʡ 
ʨʦʟʚôʷʟʦʢ ʥʝʦʜʥʦʨʽʜʥʦʾ ʩʠʩʪʝʤʠ, ʚʝʢʪʦʨ-ʬʫʥʢʮʽʷ z  ʤʘʻ ʩʚʦʾʤʠ ʢʦʤʧʦʥʝʥʪʘʤʠ 

iz , ʱʦ ʚʠʨʘʞʘʶʪʴʩʷ ʬʦʨʤʫʣʦʶ (10). 
ʋʤʦʚʘ ʽʩʥʫʚʘʥʥʷ ʊ-ʧʝʨʽʦʜʠʯʥʠʭ ʨʦʟʚôʷʟʢʽʚ [2] 

)()0( Tyy =  
ʥʘʙʫʜʝ ʚʠʛʣʷʜʫ 

)()()0()0( 00 TzTTzTzTzT HH +=+  (11) 
ɿʛʽʜʥʦ (11) 0)0( =Hz . ʊʦʜʽ (11) ʥʘʙʫʜʝ ʚʠʛʣʷʜʫ 

( ) )()()0( 00 TzTTzzT H=-  
ʇʦʤʥʦʞʠʚʰʠ ʥʘ ʊ-1 ʟʣʽʚʘ, ʤʘʻʤʦ 

)()()0( 00 TzTzz H=-  
ɸʙʦ ʚ ʨʦʟʛʦʨʥʫʪʦʤʫ ʚʠʛʣʷʜʽ 

ñ

ñ

ñ

-

-

-

=-

=-
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T

n
xTT

n

T
xTT

T
xTT

dxxeeeC

dxxeeeC

dxxeeeC

nnn

0

0
22

0
11

)()1(

..............................................

)()1(

)()1(

222

111

j

j

j

lll

lll

lll

 (12) 

ʂʦʞʥʝ ʽʟ ʣʽʥʽʡʥʠʭ ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ (12) ʤʘʪʠʤʝ ʻʜʠʥʠʡ ʨʦʟʚôʷʟʦʢ 
ʚʽʜʥʦʩʥʦ ʉʽ, ʷʢʱʦ 01 ¸- Tiel . ʆʪʞʝ, ʷʢʱʦ ʩʝʨʝʜ ),1(; nii =l  ʥʝʤʘʻ ʥʫʣʴʦʚʠʭ, ʪʦ 
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ʩʠʩʪʝʤʘ (1) ʽʟ ʊ-ʧʝʨʽʦʜʠʯʥʠʤʠ ʚʽʣʴʥʠʤʠ ʯʣʝʥʘʤʠ ʙʫʜʝ ʤʘʪʠ ʻʜʠʥʠʡ ʊ-
ʧʝʨʽʦʜʠʯʥʠʡ ʨʦʟʚôʷʟʦʢ. 

ʇʨʠʢʣʘʜ. 

î
î
í

îî
ì

ë

-++=¡
+-+=¡
+++=¡

xyyyy
xyyyy
xyyyy

2sin5,15,0
cos5,05,2

sin25,05,02

3213

3212

3211

    (13) 

ɺʽʣʴʥʽ ʯʣʝʥʠ ʩʠʩʪʝʤʠ (13) ʻ 2p -ʧʝʨʽʦʜʠʯʥʠʤʠ ʬʫʥʢʮʽʷʤʠ. 
ʄʘʪʨʠʮʷ ʩʠʩʪʝʤʠ (13) 

ö
ö
ö

÷

õ

æ
æ
æ

ç

å
-=

5,15,01
5,05,21

5,05,02
P  

ʤʘʻ ʥʝʥʫʣʴʦʚʽ ʭʘʨʘʢʪʝʨʠʩʪʠʯʥʽ ʢʦʨʝʥʽ 3,2,1 321 === lll . ʆʪʞʝ ʩʠʩʪʝʤʘ (13) 
ʤʘʪʠʤʝ ʻʜʠʥʠʡ 2p -ʧʝʨʽʦʜʠʯʥʠʡ ʨʦʟʚôʷʟʦʢ. ɿʥʘʡʜʝʤʦ ʡʦʛʦ. 

ʉʧʦʯʘʪʢʫ ʟʘʧʠʰʝʤʦ ʤʘʪʨʠʮʶ ʈ ʫ ʚʠʛʣʷʜʽ 
1-L= TTP  (14) 

ʜʝ 

ö
ö
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æ
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ö
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÷
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÷
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-
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;
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;
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011
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1TT  

ʋ ʚʝʢʪʦʨʥʦ-ʤʘʪʨʠʯʥʽʡ ʬʦʨʤʽ (13) ʤʘʪʠʤʝ ʚʠʛʣʷʜ 

)(xfyPy +=
¡  (15) 

ʜʝ 
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æ
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-
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÷
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æ
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ö
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÷
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x
x
x
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y
y
y

y
y
y
y

y
2sin

cos
sin2

)(;;

3

2

1

3

2

1

     

ɺʨʘʭʦʚʫʶʯʠ (14), (13) ʤʦʞʥʘ ʟʘʧʠʩʘʪʠ ʪʘʢ 

)(xzz j+L=
¡    (16) 

ʜʝ 

)()();(;)( 111 xfTxyTzyTz --- ==¡=
¡

j  
ɿʘʧʠʰʝʤʦ (16) ʫ ʩʢʘʣʷʨʥʽʡ ʬʦʨʤʽ 

)2sin0cos5,0sin25,0(3

))2sin(5,0cos5,0sin20(2

)2sin5,0cos0sin25,0(

33

22

11

xxxzz

xxxzz

xxxzz

Ö+Ö+Ö+=¡
-+Ö-Ö+=¡

-Ö+Ö-+=¡

 

ɸʙʦ ʧʽʩʣʷ ʧʝʨʝʪʚʦʨʝʥʴ 
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xxzz

xxzz

xxzz

cos5,0sin3

2sin5,0cos5,02

2sin5,0sin

33

22

11

++=¡
-Ö-=¡

--+=¡

 (17) 

ʈʦʟʚôʷʞʝʤʦ ʧʝʨʰʝ ʨʽʚʥʷʥʥʷ ʽʟ (17) 
xxzz 2sin5,0sin11 --=-¡  (18) 

ɺʽʜʧʦʚʽʜʥʝ ʦʜʥʦʨʽʜʥʝ ʨʽʚʥʷʥʥʷ ʤʘʻ ʟʘʛʘʣʴʥʠʡ ʨʦʟʚôʷʟʦʢ 
constCeCz x -= 111 ;  

ʏʘʩʪʢʦʚʠʡ ʨʦʟʚôʷʟʦʢ ʥʝʦʜʥʦʨʽʜʥʦʛʦ ʨʽʚʥʷʥʥʷ ʟʥʘʭʦʜʠʤʦ ʤʝʪʦʜʦʤ 
ʥʝʚʠʟʥʘʯʝʥʠʭ ʢʦʝʬʽʮʽʻʥʪʽʚ 

xbxaxbxaz 2cos2sincossin 2211 +++=  (19) 
xbxaxbxaz 2sin22cos2sincos 2211 -+-=¡   (20) 

ʇʽʜʩʪʘʚʠʤʦ ʚʠʨʘʟʠ ʜʣʷ zz ¡,  ʫ (18), ʤʘʻʤʦ 

xxxbxaxb
xaxbxaxbxa
2sin5,0sin2cos2sincos

sin2sin22cos2sincos

221

12211

--=---
---+-

 

ɿʚʽʜʢʠ ʟʥʘʭʦʜʠʤʦ 

2,0;1,0;
2
1;

2
1

2211 ==== baba  

ʊʦʜʽ ʟʘʛʘʣʴʥʠʡ ʨʦʟʚôʷʟʦʢ ʜʠʬʝʨʝʥʮʽʘʣʴʥʦʛʦ ʨʽʚʥʷʥʥʷ (18) ʤʘʻ ʚʠʛʣʷʜ 
xxxxeCz x 2cos2,02sin1,0cos5,0sin5,011 ++++=  

ʋʤʦʚʘ ʽʩʥʫʚʘʥʥʷ p2 -ʧʝʨʽʦʜʠʯʥʦʛʦ ʨʦʟʚôʷʟʢʫ )2()0( pyy =  ʥʘʙʫʜʝ ʚʠʛʣʷʜʫ 

0
;0)1(

2,05,02,05,0
4cos2,04sin1,02cos5,02sin5,0

0cos2,00sin1,00cos5,00sin5,0

1

2
1

2
11

2
1

0
1

=
=-

+-=+-

++++

=++++

C
eC

eCC
eC
eC

p

p

p pppp

 

ʆʪʞʝ 
xxxxz 2cos2,02sin1,0cos5,0sin5,01 +++=  

p2 -ʧʝʨʽʦʜʠʯʥʠʡ ʨʦʟʚôʷʟʦʢ ʽ ʚʽʥ ʻʜʠʥʠʡ. 
ʈʦʟʚôʷʞʝʤʦ ʜʨʫʛʝ ʨʽʚʥʷʥʥʷ ʽʟ (17) ʘʥʘʣʦʛʽʯʥʦ ʜʦ ʧʦʧʝʨʝʜʥʴʦʛʦ 

xxzz 2sin5,0cos5,02 22 --=¡     (21) 
ɺʽʜʧʦʚʽʜʥʝ ʦʜʥʦʨʽʜʥʝ ʨʽʚʥʷʥʥʷ 

22 2zz =¡     

ʤʘʻ ʟʘʛʘʣʴʥʠʡ ʨʦʟʚôʷʟʦʢ 
constCeCz x -= 2

2
22 ;  

ʏʘʩʪʢʦʚʠʡ ʨʦʟʚôʷʟʦʢ ʥʝʦʜʥʦʨʽʜʥʦʛʦ ʨʽʚʥʷʥʥʷ (21) ʰʫʢʘʻʤʦ ʫ ʚʠʛʣʷʜʽ (19). 
ʇʽʜʩʪʘʚʣʷʶʯʠ (19) ʽ (20) ʫ (21) ʤʘʻʤʦ 
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xxxbxaxb
xaxbxaxbxa

2sin5,0sin5,02cos22sin2cos2
sin22sin2cos2sincos

221

12211

--=---
---+-

 

ɿʚʽʜʢʠ 
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ʆʪʞʝ, ʟʘʛʘʣʴʥʠʡ ʨʦʟʚôʷʟʦʢ ʜʠʬʝʨʝʥʮʽʘʣʴʥʦʛʦ ʨʽʚʥʷʥʥʷ (21) ʤʘʻ ʚʠʛʣʷʜ 

xxxxeCz x 2cos
8
12sin

8
1cos

3
1sin

6
12

22 ++-+=  (22) 

ʋʤʦʚʘ ʧʝʨʽʦʜʠʯʥʦʩʪʽ 
);2()0( 22 pzz =  

ɸʙʦ ʽʟ (22) 

0
0)1(

8
1

3
1

8
1

3
1

2

2
2

2
22

=
=-

+-=+-

C
eC

eCC

p

p

 

ʊʦʜʽ 
xxxxz 2cos

8
12sin

8
1cos

3
1sin

6
1

2 ++-=  

ʙʫʜʝ 2p -ʧʝʨʽʦʜʠʯʥʠʤ ʨʦʟʚôʷʟʢʦʤ ʜʨʫʛʦʛʦ ʨʽʚʥʷʥʥʷ ʽʟ (17) 
ʊʨʝʪʻ ʨʽʚʥʷʥʥʷ ʽʟ (17) 

xxzz cos5,0sin3 33 ++=¡  (23) 
ʏʘʩʪʢʦʚʠʡ ʨʦʟʚôʷʟʦʢ ʰʫʢʘʻʤʦ ʫ ʚʠʛʣʷʜʽ 

xbxaz

xbxaz

H

H

sincos

cossin

3

3

-=¡
+=

 

ʇʽʜʩʪʘʚʠʤʦ ʮʽ ʟʥʘʯʝʥʥʷ ʚ (23), ʤʘʻʤʦ 
xxxbxaxbxa cos5,0sincos3sin3sincos +=---  
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4
1;

4
15,210

195,1
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5,03

-=-=Ý=-
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Ý
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ë

=--
=-
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ʆʪʞʝ, 
xxeCz x cos

4
1sin

4
13

33 --=              (24) 

0
4
1

4
1

)2()0(

3

6
33

33

=

-=-

=

C

eCC

zz

p

p

 

ʊʦʜʽ 2p -ʧʝʨʽʦʜʠʯʥʠʤ ʨʦʟʚôʷʟʢʦʤ ʪʨʝʪʴʦʛʦ ʨʽʚʥʷʥʥʷ ʽʟ (17) ʙʫʜʝ 
xxz cos

4
1sin

4
1

3 --=  

ɿʘʫʚʘʞʝʥʥʷ. ɯʟ ʚʠʛʣʷʜʫ ʟʘʛʘʣʴʥʠʭ ʨʦʟʚôʷʟʢʽʚ ʨʽʚʥʷʥʴ (17) (ʥʘʧʨʠʢʣʘʜ 
ʽʟ (24)), ʦʯʝʚʠʜʥʦ, ʱʦ ʧʨʠ 03 =C  ʤʘʪʠʤʝʤʦ ʯʘʩʪʢʦʚʠʡ 2p -ʧʝʨʽʦʜʠʯʥʠʡ 
ʨʦʟʚôʷʟʦʢ. ʆʜʥʘʢ, ʜʘʣʝʢʦ ʥʝ ʟʘʚʞʜʠ ʤʦʞʥʘ ʩʢʦʨʠʩʪʘʪʠʩʷ ʤʝʪʦʜʦʤ 
ʥʝʚʠʟʥʘʯʝʥʠʭ ʢʦʝʬʽʮʽʻʥʪʽʚ, ʷʢʠʡ ʜʦʧʦʤʘʛʘʻ ʫʥʠʢʥʫʪʠ ʚʽʜʰʫʢʘʥʥʷ ʽʥʪʝʛʨʘʣʽʚ, 
ʷʢʽ ʚ ʩʢʽʥʯʝʥʦʤʫ ʚʠʛʣʷʜʽ ʚʟʘʛʘʣʽ ʤʦʞʫʪʴ ʥʝ ʙʨʘʪʠʩʷ. ʊʦʜʽ ʨʦʟʚôʷʟʦʢ ʙʫʜʝ 
ʜʦʚʝʜʝʥʦ ʪʽʣʴʢʠ ʜʦ ʢʚʘʜʨʘʪʫʨ. ʗʢʱʦ ʧʨʠ ʮʴʦʤʫ ʚʠʢʦʥʫʻʪʴʩʷ ʫʤʦʚʘ ʽʩʥʫʚʘʥʥʷ 
ʊ-ʧʝʨʽʦʜʠʯʥʦʛʦ ʨʦʟʚôʷʟʢʫ, ʪʦ ʤʠ ʡʦʛʦ ʟʤʦʞʝʤʦ ʟʥʘʡʪʠ ʚ ʢʚʘʜʨʘʪʫʨʘʭ, ʘ ʧʦʪʽʤ 
ʥʘʙʣʠʞʝʥʠʤʠ ʤʝʪʦʜʘʤʠ, ʯʠʩʝʣʴʥʠʤʠ ʯʠ ʟʘ ʜʦʧʦʤʦʛʦʶ ʨʷʜʽʚ, ʟʥʘʡʪʠ 
ʚʽʜʧʦʚʽʜʥʽ ʽʥʪʝʛʨʘʣʠ. 

ʊʘʢʠʤ ʯʠʥʦʤ, ʚʝʢʪʦʨ z  ʟʥʘʡʜʝʥʦ 
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ʌʫʥʢʮʽʾ 321 ,, yyy , ʻ ʻʜʠʥʠʤ 2p -ʧʝʨʽʦʜʠʯʥʠʤ ʨʦʟʚôʷʟʢʦʤ ʩʠʩʪʝʤʠ (13). 
ʈʦʟʛʣʷʥʝʤʦ ʚʠʧʘʜʦʢ, ʢʦʣʠ ʚʽʜʧʦʚʽʜʥʘ ʩʠʩʪʝʤʽ (1) ʦʜʥʦʨʽʜʥʘ ʩʠʩʪʝʤʘ ʤʘʻ 

ʊ-ʧʝʨʽʦʜʠʯʥʠʡ ʨʦʟʚôʷʟʦʢ. ʎʝ ʤʦʞʣʠʚʦ, ʢʦʣʠ ʦʜʥʝ ʟ ʭʘʨʘʢʪʝʨʠʩʪʠʯʥʠʭ ʯʠʩʝʣ 
ʨʽʚʥʝ ʥʫʣʶ. ʅʝʭʘʡ 01 =l . ʊʦʜʽ ʧʝʨʰʝ ʨʽʚʥʷʥʥʷ ʽʟ (12) ʥʘʙʫʜʝ ʚʠʛʣʷʜʫ 
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ʪʽʣʴʢʠ ʧʨʠ ʫʤʦʚʽ 

0)(
0

1 =ñ
T

dxxj              

ʋ ʧʨʦʪʠʚʥʦʤʫ ʨʘʟʽ ʊ-ʧʝʨʽʦʜʠʯʥʠʭ ʨʦʟʚôʷʟʢʽʚ ʥʝ ʽʩʥʫʻ. 
ʇʨʠʢʣʘʜ. 

î
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ë

+++-=¡
-++-=¡

+=¡

xyyyy
xyyyy

yy

sin25,1
cos25,15,15,1

1

3213

3212

31

  (25) 

ɺʽʜʧʦʚʽʜʥʘ ʦʜʥʦʨʽʜʥʘ ʩʠʩʪʝʤʘ ʙʫʜʝ ʤʘʪʠ ʚʠʛʣʷʜ 

î
î
í

îî
ì

ë

++-=¡
++-=¡

+=¡

3213

3212

31

5,1
25,15,15,1

1

yyyy
yyyy

yy
          

ʄʘʪʨʠʮʷ ʧʝʨʝʪʚʦʨʝʥʥʷ ʤʘʻ ʚʠʛʣʷʜ 
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ö
ö
ö

÷

õ

æ
æ
æ

ç

å

-
-

-
=

ö
ö
ö

÷

õ

æ
æ
æ

ç

å
= -

25,05,05,0
25,05,05,0
75,05,05,0

;
220
211
121

1TT          (26) 

ʉʠʩʪʝʤʫ (25) ʫ ʤʘʪʨʠʯʥʦ-ʚʝʢʪʦʨʥʽʡ ʬʦʨʤʽ ʤʦʞʥʘ ʟʘʧʠʩʘʪʠ ʪʘʢ 
fyPy +=  

ʜʝ 

ö
ö
ö

÷

õ

æ
æ
æ

ç

å
-=

ö
ö
ö
ö

÷

õ

æ
æ
æ
æ

ç

å

¡

¡

¡

=
¡

ö
ö
ö

÷

õ

æ
æ
æ

ç

å
=

x
xxf

y
y
y

y
y
y
y

y
sin2
cos
1

)(;;

3

2

1

3

2

1

 

ɸʙʦ ʚʨʘʭʦʚʫʶʯʠ (26) 

)(1 xfyTTy +L=
¡

-  
ɿʚʽʜʢʠ 

ö
ö
ö

÷

õ

æ
æ
æ

ç

å

+--
++
--

=
ö
ö
ö

÷

õ

æ
æ
æ

ç

å
-
ö
ö
ö

÷

õ

æ
æ
æ

ç

å

-
-

-
=
ö
ö
ö

÷

õ

æ
æ
æ

ç

å

=+L=
¡ -

xx
xx
xx

x
x

x
x
x

xfTxxzz

sin5,0cos5,05,0
sin5,0cos5,05,0
sin5,1cos5,05,0

sin2
cos
1

25,05,05,0
25,05,05,0
75,05,05,0

)(
)(
)(

)()(),(

3

2

1

1

j
j
j

jj

 

ʋ ʨʦʟʛʦʨʥʫʪʦʤʫ ʚʠʛʣʷʜʽ ʩʠʩʪʝʤʘ ʟʘʧʠʰʝʪʴʩʷ ʪʘʢ 

ö
ö
ö

÷

õ

æ
æ
æ

ç

å

+--
++
--

+
ö
ö
ö

÷

õ

æ
æ
æ

ç

å

ö
ö
ö

÷

õ

æ
æ
æ

ç

å
=

ö
ö
ö
ö

÷

õ

æ
æ
æ
æ

ç

å

¡

¡

¡

xx
xx
xx

z
z
z

z
z
z

sin5,0cos5,05,0
sin5,0cos5,05,0
sin5,1cos5,05,0

200
010
000

3

2

1

3

2

1

  (27) 

ɯʟ (27) ʤʘʻʤʦ ʩʢʘʣʷʨʥʽ ʨʽʚʥʷʥʥʷ 

î
î
í

îî
ì

ë

+--=¡
+++=¡
--=¡

xxzz
xxzz

xxxz

sin5,0cos5,05,02
sin5,0cos5,05,0

sin5,1cos5,05,0

33

22

1

 (28) 

ɯʟ ʧʝʨʰʦʛʦ ʨʽʚʥʷʥʥʷ ʤʘʻʤʦ 
11 sin5,0cos5,15,0 Cxxxz +-+=  

ʋʤʦʚʘ )2()0( 11 pzz =  ʥʝ ʚʠʢʦʥʫʻʪʴʩʷ ʥʽ ʧʨʠ ʷʢʦʤʫ ʟʥʘʯʝʥʥʽ ʉ1. ʆʪʞʝ, ʧʝʨʰʝ 
ʨʽʚʥʷʥʥʷ ʽʟ (28) ʥʝ ʤʘʻ p2 -ʧʝʨʽʦʜʠʯʥʠʭ ʨʦʟʚôʷʟʢʽʚ. ɿʥʘʯʠʪʴ ʥʝ ʤʘʻ p2 -
ʧʝʨʽʦʜʠʯʥʠʭ ʨʦʟʚôʷʟʢʽʚ ʽ ʩʠʩʪʝʤʘ (25). 

ʇʨʠʢʣʘʜ. 

î
î
í

îî
ì

ë

+++-=¡
-++-=¡

-=¡

xyyyy
xyyyy

xyy

sin25,1
cos25,15,15,1

sin

3213

3212

31

 (29) 

ʇʽʩʣʷ ʧʝʨʝʪʚʦʨʝʥʴ ʙʫʜʝʤʦ ʤʘʪʠ ʩʠʩʪʝʤʫ 
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î
î
í

îî
ì

ë

+-=¡
=¡

--=¡

xxzz
xzz

xxz

sincos5,0
cos5,0

sin2cos5,0

33

22

1

 (30) 

ɯʟ ʧʝʨʰʦʛʦ ʨʽʚʥʷʥʥʷ ʩʠʩʪʝʤʠ (30) ʤʘʻʤʦ 
11 sin5,0cos2 Cxxz +-=  

ʋʤʦʚʘ )2()0( 11 pzz =  ʚʠʢʦʥʫʻʪʴʩʷ ʧʨʠ ʙʫʜʴ-ʷʢʦʤʫ ʟʥʘʯʝʥʥʽ ʉ1. ʊʦʙʪʦ, ʚʩʽ 
ʯʘʩʪʢʦʚʽ ʨʦʟʚôʷʟʢʠ ʧʝʨʰʦʛʦ ʨʽʚʥʷʥʥʷ ʻ 2p -ʧʝʨʽʦʜʠʯʥʠʤʠ. 

ɿʘʛʘʣʴʥʠʡ ʨʦʟʚôʷʟʦʢ ʜʨʫʛʦʛʦ ʦʜʥʦʨʽʜʥʦʛʦ ʨʽʚʥʷʥʥʷ 
constCeCz x -= 222 ;  

ʏʘʩʪʢʦʚʠʡ ʨʦʟʚôʷʟʦʢ ʜʨʫʛʦʛʦ ʨʽʚʥʷʥʥʷ ʰʫʢʘʻʤʦ ʫ ʚʠʛʣʷʜʽ 

xbxaz

xbxaz

H

H

sincos

cossin

2

2

-=¡
+=

 

ʇʽʜʩʪʘʚʣʷʻʤʦ ʟʥʘʯʝʥʥʷ ¡
HH zz 22 ,  ʫ ʜʨʫʛʝ ʨʽʚʥʷʥʥʷ ʩʠʩʪʝʤʠ (30) 

4
1;

4
15,02

5,0
0

cos5,0sincoscossin

==Ý=

í
ì
ë

=+-
=+

=+-+

abb

ba
ba

xxbxaxbxa

        

ɿʘʛʘʣʴʥʠʡ ʨʦʟʚôʷʟʦʢ ʜʨʫʛʦʛʦ ʨʽʚʥʷʥʥʷ ʩʠʩʪʝʤʠ (30) ʙʫʜʝ 
xxeCz x cos

4
1sin

4
1

22 +-=  

ʋʤʦʚʘ )2()0( 22 pzz =  ʧʝʨʝʪʚʦʨʶʻʪʴʩʷ ʫ ʨʽʚʥʽʩʪʴ 

0
4
1

4
1

2

22

=

+=+

C

eCC x

 

ʆʪʞʝ, 

xxz cos
4
1sin

4
1

2 +-=  

p2 -ʧʝʨʽʦʜʠʯʥʠʡ ʨʦʟʚôʷʟʦʢ ʜʨʫʛʦʛʦ ʨʽʚʥʷʥʥʷ ʩʠʩʪʝʤʠ (30). 
ʏʘʩʪʢʦʚʠʡ ʨʦʟʚôʷʟʦʢ ʪʨʝʪʴʦʛʦ ʥʝʦʜʥʦʨʽʜʥʦʛʦ ʨʽʚʥʷʥʥʷ ʪʘʢʦʞ ʙʫʜʝʤʦ 

ʰʫʢʘʪʠ ʤʝʪʦʜʦʤ ʥʝʚʠʟʥʘʯʝʥʠʭ ʢʦʝʬʽʮʽʻʥʪʽʚ 
 

xbxaz

xbxaz

H

H
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-=¡
+=
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4
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xxeCz x cos
4
1sin

4
32

33 ++=  

 
ʋʤʦʚʘ ʧʝʨʽʦʜʠʯʥʦʩʪʽ )2()0( 33 pzz =  ʧʨʠʚʦʜʠʪʴ ʜʦ ʪʦʛʦ, ʱʦ ʉ3=0. 

xxz cos
4
1sin

4
3

3 +=  

ʙʫʜʝ 2p -ʧʝʨʽʦʜʠʯʥʠʤ ʨʦʟʚôʷʟʢʦʤ ʪʨʝʪʴʦʛʦ ʨʽʚʥʷʥʥʷ ʩʠʩʪʝʤʠ (30). 
ɿʥʘʡʜʝʤʦ 2p -ʧʝʨʽʦʜʠʯʥʠʡ ʨʦʟʚôʷʟʦʢ ʩʠʩʪʝʤʠ (29) 
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1sin
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ɿʚʽʜʢʠ 

î
î
î

í

îî
î

ì

ë

---=

++-=

++-=

13

12
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5,0cos
16
13sin

16
5

5,0cos
16
15sin
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1
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16
15sin
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Cxxy

Cxxy
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ʎʝ ʽ ʙʫʜʫʪʴ p2 -ʧʝʨʽʦʜʠʯʥʽ ʨʦʟʚôʷʟʢʠ ʩʠʩʪʝʤʠ (29). 
ʆʪʞʝ, ʷʢʱʦ ʩʝʨʝʜ ʢʦʨʝʥʽʚ ʭʘʨʘʢʪʝʨʠʩʪʠʯʥʦʛʦ ʨʽʚʥʷʥʥʷ ʩʠʩʪʝʤʠ 

ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ ʟʽ ʩʪʘʣʠʤʠ ʢʦʝʬʽʮʽʻʥʪʘʤʠ ʽ ʧʝʨʽʦʜʠʯʥʠʤʠ ʚʽʣʴʥʠʤʠ 
ʯʣʝʥʘʤʠ ʥʝʤʘʻ ʥʫʣʴʦʚʠʭ, ʪʦ ʥʝʦʜʥʦʨʽʜʥʘ ʩʠʩʪʝʤʘ ʙʫʜʝ ʤʘʪʠ ʻʜʠʥʠʡ ʊ-
ʧʝʨʽʦʜʠʯʥʠʡ ʨʦʟʚôʷʟʦʢ. ʗʢʱʦ ʦʜʥʝ ʟ ʭʘʨʘʢʪʝʨʠʩʪʠʯʥʠʭ ʯʠʩʝʣ ʨʽʚʥʝ ʥʫʣʶ 

)0( =il , ʪʦ ʥʝʦʜʥʦʨʽʜʥʘ ʩʠʩʪʝʤʘ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ ʤʘʪʠʤʝ ʊ-

ʧʝʨʽʦʜʠʯʥʠʡ ʨʦʟʚôʷʟʦʢ ʣʠʰʝ ʧʨʠ ʫʤʦʚʽ ñ =
T

i dxx
0

0)(j . 
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ʋɼʂ 619.1 

¿¡º ²©¡©¸Ï®¡¨´Ï¨¸¨ ©¡®²-¾¡©¬ò¹. 

¢. I. ¯ĊĖĔĊđġð ,².¢. ¯ĊĖĔĒĈĕğðĆ 
ɿʘʧʨʦʧʦʥʦʚʘʥʦ ʜʚi ʥʦʚi ʭʘʨʘʢʪʝʨʠʩʪʠʢʠ ʤʥʦʞʠʥʠ ʪʦʯʦʢ ʧʣʘʥʘʨʥʠʭ ʛʨʘʬiʚ, ʷʢi 

ʧʦʨʦʜʞʝʥi ʯʠʩʣʦʤ ʜʦʩʷʞʥʦʩʪi ʮiʝi ʤʥʦʞʠʥʠ  ʜʣʷ ʜʦʩʣʽʜʞʝʥʥʷ ʘʨʝʭ-ʛʨʘʬiʚ. 
Two new characteristics set of points planar graph which are generated by the 

reachability number of this set for investigation apex-graphs 

ɺ ʨʦʙʦʪʘʭ ɺ. ʄʦʭʠ [6] ʙʫʣʦ ʚʚʝʜʝʥʦ ʧʦʥʷʪʪʷ ʘʨʝʭ- ʛʨʘʬʘ, ʷʢʠʡ ʤʦʞʣʠʚʦ  
ʩʪʚʦʨʠʪʠ iʟ ʧʣʦʱʠʥʥʦʛʦ ʛʨʘʬʘ ʪʘ ʟiʨʢʠ ʰʣʷʭʦʤ  j-ʧʝʨʝʪʚʦʨʝʥʥʷ ʟʘʜʘʥʦʛʦ ʥʘ  
ʜʝʷʢiʡ ʤʥʦʞʠʥi ʪʦʯʦʢ  ʍ  ʧʣʦʱʠʥʥʦʛʦ ʛʨʘʬʘ G ʪʘ ʢiʥʮʝʚʠʭ ʚʝʨʰʠʥʘʭ ʟiʨʢʠ 
St(g). ɺ  [4,5] ʙʫʣʦ ʦʪʨʠʤʘʥʦ ʚʝʨʭʥʶ ʦʮiʥʢʫ ʨʦʜʫ ʰʣʷʭʦʤ ʚʠʚʯʝʥʥʷ 
ʩʪʨʫʢʪʫʨʥʠʭ ʚʣʘʩʪʠʚʦʩʪʝʡ ʤʥʦʞʠʥi ʪʦʯʦʢ  X  ʧʣʦʱʠʥʥʦʛʦ ʛʨʘʬʘ G. 

ʄʝʪʦʶ  ʧʦʜʘʣʴʰʦi ʨʦʙʦʪʠ ʩʪʘʣʦ ʨʦʟʰʠʨʝʥʥʷ ʭʘʨʘʢʪʝʨʠʩʪʠʢʠ ̞G(ʍ) 
ʤʥʦʞʠʥʠ ʪʦʯʦʢ  X ʪʘ ʚʚʝʜʝʥʥʷ ʥʦʚʦi  µ ɗ(G,X) ïʭʘʨʘʢʪʝʨʠʩʪʠʢʠ . 

ʆʩʥʦʚʥʽ ʧʦʥʷʪʪʷ ʪʘ ʧʦʟʥʘʯʝʥʥʷ ʫʟʷʪʽ ʽʟ [1] · [3]. ɼʣʷ ʥʝʦʨʽʻʥʪʦʚʘʥʦʛʦ ʙʝʟ 
ʧʝʪʝʣʴ ʛʨʘʬʘ G, 10 GGG Ç= ,  ʨʦʟʛʣʷʥʝʤʦ ʤʽʥʽʤʘʣʴʥʝ ʫʢʣʘʜʘʥʥʷ VGf s­: , 
ʜʝ V= )(Gg , Vs -ʟʘʤʢʥʫʪʠʡ ʦʨʽʻʥʪʦʚʥʠʡ ʤʥʦʛʦʚʠʜ, 

)(\),( 100 GGGS ffG Ç=s n . 
ʅʘ ʤʥʦʞʠʥʽ 2ïʢʣʽʪʠʥ {ȹi} N

1 , N= ),( 0 fGSG , ʚʠʟʥʘʯʘʻʤʦ ʛʨʘʬ ),( 0
VGF s  - 

ʛʨʘʬ ʤʝʞʫʚʘʥʥʷ 2-ʢʣʽʪʦʢ ʢʣʽʪʢʦʚʦʛʦ ʫʢʣʘʜʝʥʥʷ ʛʨʘʬʘ G ʚ 2-ʤʥʦʛʦʚʠʜ Vs . 
ʊʦʙʪʦ, ʜʚʽ ʚʝʨʰʠʥʠ ʛʨʘʬʘ ʤʝʞʫʚʘʥʥʷ ʩʫʤʽʞʥʽ ʪʽʣʴʢʠ ʟʘ ʥʘʷʚʥʦʩʪʽ ʩʧʽʣʴʥʦʛʦ 
ʨʝʙʨʘ ʾʭʥʽʭ ʛʨʘʥʠʮʴ ʚʽʜʧʦʚʽʜʥʠʭ 2-ʢʣʽʪʠʥ. ɼʣʷ ʤʥʦʞʠʥʠ ʪʦʯʦʢ ʍ, 

10 GGX ÇË , ʚʠʟʥʘʯʘʶʪʴ ʤʽʥʽʤʘʣʴʥʫ ʤʥʦʞʠʥʫ 2-ʢʣʽʪʦʢ )(XSGi ÍD  ʥʘ 

ʛʨʘʥʠʮʽ ʷʢʠʭ ñʚʠʭʦʜʷʪʴò ʪʦʯʢʠ ʽʟ ʍ ʛʨʘʬʘ G. ɺ  [4] ʙʫʣʦ ʚʚʝʜʝʥʦ ̞G(ʍ) ï 
ʭʘʨʘʢʪʝʨʠʩʪʠʢʫ ʤʥʦʞʠʥʠ SG(X), ʷʢʘ ʩʪʦʩʫʚʘʣʘʩʷ ʥʘʷʚʥʦʩʪʽ ʫ ʪʨʴʦʭ 2-ʢʣʽʪʦʢ 
ʩʧʽʣʴʥʦʾ ʚʝʨʰʠʥʠ, ʘʙʦ ʥʠʤʠ ʫʪʚʦʨʝʥʦʛʦ ʧʨʦʩʪʦʛʦ ʮʠʢʣʘ ʜʦʚʞʠʥʠ 3²  ʛʨʘʬʘ 

),( 0
VGF s .  

ɿʘʜʘʯʘ ʧʦʣʷʛʘʻ  ʫ ʚʚʝʜʝʥʥʷ ʽʥʰʦʾ ʭʘʨʘʢʪʝʨʠʩʪʠʢʠ µɗ(G,X) ʤʥʦʞʠʥʠ 
ʪʦʯʦʢ ʍ ʪʘ ʾʾ ʚʠʢʦʨʠʩʪʘʥʥʷ ʟ ʤʝʪʦʶ ñʧʨʠʢʣʝʶʚʘʥʥʷò ʨʫʯʢʠ h ʜʦ ʥʠʭ ʪʘʢ, ʱʦʙ 
ʟʘʤʽʩʪʴ ʯʦʪʠʨʴʦʭ 2-ʢʣʽʪʠʥ ʤʘʪʠ ʜʚʽ 2-ʢʣʽʪʠʥʠ ʽʟ ůV+1\fȭ(G) ʥʘ ʛʨʘʥʠʮʽ ʷʢʠʭ 
ʚʠʭʦʜʷʪʴ ʚʩʽ ʪʽ ʪʦʯʢʠ, ʱʦ ʚʠʭʦʜʠʣʠ ʥʘ ʛʨʘʥʠʮʽ ʯʦʪʠʨʴʦʭ 2-ʢʣʽʪʦʢ. 

ʆʟʥʘʯʝʥʥʷ 1: ɹʫʜʝʤʦ ʛʦʚʦʨʠʪʠ, ʱʦ ʤʥʦʞʠʥʘ ʪʦʯʦʢ ʍ, SG(X)={ȹi} 3
1 , ʽʟ 

ʯʠʩʣʦʤ ʜʦʩʷʞʥʦʩʪʽ tG(X)=3 ʪʘ ̞G(ʍ)=0 ʤʘʻ µ̞G(ʍ)=1, ʷʢʱʦ ʚʠʢʦʥʫʶʪʴʩʷ 
ʥʘʩʪʫʧʥʽ ʫʤʦʚʠ: 

1) )(
3

1
Å=DµÆ

= ii
ȿ( -­ fGf V ;: s ʨʝʘʣʽʟʫʻ tG(ʍ)); 

2) ))(( 01
21 Å¸ÇÆDµÆDµ GG ȿ ))(( 01

23 Å¸ÇÆDµÆDµ GG ; 
3) ( )( )[ ]3,2,1))(/),()(( 000 =ÍÆDµÆDµÍDD$ ieGXSfG iiGVs ; 




